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Abstract 

In this paper we obtain asymptotic formulas of arbitrary order for the Bloch eigen- 
value and the Bloch function of the periodic Schrodinger operator —A + q(x), of ar- 
bitrary dimension, when corresponding quasimomentum lies near a diffraction hyper- 
' plane. Besides, writing the asymptotic formulas for the Bloch eigenvalue and the Bloch 

f"*) , function, when corresponding quasimomentum lies far from the diffraction hyperplanes, 

obtained in my previous papers in improved and enlarged form, we obtain the complete 
\£) ' perturbation theory for the multidimensional Schrodinger operator with a periodic po- 

tential. Moreover, we estimate the measure of the isoenergetic surfaces in the high 
energy region which implies the validity of the Bethe-Sommerfeld conjecture for arbi- 
trary dimension and arbitrary lattice. 
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1 Introduction 



' In this paper we consider the Schrodinger operator 

L(q) = -A + q{x), xeR d , d>2 (1.1) 

with a periodic (relative to a lattice Q) potential q{x), where 

3d — 1 d3 d 
q(x) £ W|(F), s>s = (3 d + d + 2) + — + d + 6, (1.2) 

F = M. d /fl is a fundamental domain of O. Without loss of generality it can be assumed that 
the measure n(F) of F is 1 and J F q(x)dx = 0. Let L t (q) be the operator generated in L 2 (F) 
by (1.1) and the quasiperiodic conditions: 

u(x + u) = e iM u(x), Vuj e Q, (1.3) 

where t £ F* = M. d /T and T is the lattice dual to fl, that is, T is the set of all vectors 7 £ M. d 
satisfying (7, uS) £ 2-7rZ for all u> £ il. It is well-known that ( see [2]) the spectrum of L t (q) 
consists of the eigenvalues Ai(t) < A2(i) < ....The nth band function A n (t) is continuous 
with respect to t and its range {A n (t) : t £ F*} is nth band of the spectrum Spec(L) of L: 

Spec(L) = U™ =1 {A n {t) :t e F*} . 
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The normalized eigenfunction ^ n ,t(x) of L t (q) corresponding to the eigenvalue A n (t) is 
known as Bloch functions: 

£t(«)*n,t(aO = A„(i)*„,t(z). (1.4) 

In the case g(x) = the eigenvalues and eigenfunctions of L t {q) are | 7 + £ | 2 and e *(7+M) 
for 7 G T: 

L t (0)e l ^ +t ^ =| 7 + i | 2 e^^). (1.5) 

This paper consists of 6 section. First section is the introduction, where we describe 
briefly the scheme of this paper and discuss the related papers. 

In the papers [13-17] for the first time the eigenvalues |7 + i| 2 , for large 7 £ T, were 
divided into two groups: non- resonance ( roughly speaking, if 7 + t far from the diffraction 
planes) ones and resonance ( if 7 + 1 near a diffraction plane) ones and for the perturbations 
of each group various asymptotic formulae were obtained. To give the precise definition of 
the non-resonance and resonance eigenvalue I7 + t\ 2 of order p 2 ( written as I7 + t\ 2 ~ p 2 , 
for dcfinitcncss suppose 7 + t G R(%p)\R(±p)), where R(p) = {x G R d :| x |< p}) for large 
parameter p we write the potential q(x) G W^F) in the form 

q(x) - P(x) + 0(p~n, P(x) = Yl (1-6) 

7 er( P °) 

where p = s - d, a = ±, x = 3 d + d + 2, q^ = (q(x),e i ^) = J F q(x)e~ i ^^ dx, 

T(p a ) = {7 G T : < I 7 |< p a )}. The relation |7 + t| 2 ~ p 2 means that there exist 
a constants c\ and c 2 such that cip < [7 + 1\ < c 2 p. Here and in subsequent relations we 
denote by Cj (i = 1, 2, ...) the positive, independent of p constants. Note that the relation 
q(x) G W£(F) ( sec (1.2)) means that 

E I ^7 I 2 (1+ I 7 I 2s ) < 00. 

This implies that if s > d, then 

E I 97 l< cs, sup I E «7e l(7 ' x) l< E I I'' 1= °(^ PQ )' (1-7) 
7 er 7^r( P °) | 7 |> P °. 

i.e., (1.6) holds. It follows from (1.6) and (1.7) that the influence of q(x) — P{x) to the 
eigenvalue I7 + t\ 2 is 0(p~ pa ). To observe the influence of the trigonometric polynomial 
P(x) to the eigenvalue I7 + t\ 2 , we use the formula 

(A N - | 7 + 1 \ 2 )b(N, 7) = (* Nit (x)q(x), e^ +t ^), (1.8) 

where b(N, 7) = (^N,t(x), e^ 7+ *' x '), which is obtained from (1.4) by multiplying by e l<a+t ' x ^ 
and using (1.5). We say that (1.8) is the binding formula for L t (q) and L t (0), since it 
connects the eigenvalues and eigenfunctions of L t (q) and L t (0). Introducing into (1.8) the 
expansion (1.6) of q(x), we get 

(A N (t)- \ 1 + t \ 2 )b(N, 7 ) = E 371^,7- 7i) + 0(p- pQ ). (1.9) 

7ier(p°) 

If Ajv is close to | 7 + i | 2 and 7 + i does not belong to any of the sets 

V 7l ( P ai ) = e R d :|| x | 2 - I x + 71 | 2 |< n (i?(^)\i?(f)) (1.10) 
for 7! G r( i o Q ), where «i = 3a, that is, 7 + 1 far from the diffraction planes 
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{x G M. d :| x | 2 - | a; + 71 | 2 = 0} for 7i £ then 

ll7 + t| 2 -|7-7i+M 2 |>P Ql , |Aiv(*)- |7-7i+*| 2 |>^ ai (1-H) 
for all 71 G r(p"). Therefore, it follows from (1.8) that 



This with the first inequality of (1.7) implies that the right-hand side of (1.9) is 0(p Ql ). 
Moreover we prove tha 
of (1.9) is 0{p~ ai ), i.e. 



Moreover we prove that there exist an index N such that b ^ ^ times the right-hand side 



A N (t)=\ 1 + t\' +0(p- ai ). (1.13) 

Thus we see that if 7 + t does not belong to any of the sets V 11 (p ai ) ( see (1.10)) for 
71 G r(p"), then the influence of the trigonometric polynomial P(x) and hence the influence 
of the potential q(x) ( see (1.6)) to the eigenvalue | 7 + 1\ 2 is not significant and there exists 
an eigenvalue of the operator L t (q) satisfying (1.13). This case is called the non-resonance 
case. More precisely, we give the following definitions: 

Definition 1.1 Let p be a large parameter, = 3 h a for k = 1, 2, and 

V 7l (c4P ai ) = {x G R d :|| x | 2 - I x + 7l | 2 |< c 4 p tt1 } n (R(^p)\R(±p), 

E 1 (c i p a \p)^ |J F 7l ( C4 p ttl ), U(c i p a \p) = (R(^p)\R(^p))\E 1 (c i p a \p), 
7ier(pp«) 

^( C4 p Qfc , P )EE |J (ntiMc4p a *))> 

7i>72,---,7)cGr(pp cv ) 

where p is defined in (1.6), the intersection n^ =1 V yi in the definition of Ek is taken over 
71,72, ■■■,7k are linearly independent. The set U(p ai ,p) is said to be a non-resonance 
domain and |7 + £| 2 is called a non-resonance eigenvalue if'y + t G U(p ai ,p). The domains 
Vji (p ai ) f or 7i € r(P/°° ! ) are called resonance domains and \ j + 1 \ 2 is called a resonance 
eigenvalue if'y + t G V 7l (p ai ). The domain V 7l (p ai ) = V 7l (p ai )\E2, i.e., the part of the res- 
onance domains V 11 (p ai ), which does not contain the intersection of two resonance domains 
is called a single resonance domain. 

It is clear that the asymptotic formula (1.13) hold true if we replace V 11 (p ai ) by V 11 (c^p ai ). 
Note that changing the value of C4 in the definition of V 7l {c^p ai ), we obtain the different 
definitions of the non-resonance eigenvalues ( for simplicity of notation we take C4 = 1). 
However, in any case we obtain the same asymptotic formulas and the same perturbation 
theory, that is, this changing does not change anything for asymptotic formulas. Therefore 
we can define the non-resonance eigenvalue in different way. In papers [15-17] instead of the 
resonance domain V 11 (cip ai ) the set 

W luai — {x G R d :|| x | 2 - I x + 71 | 2 |<| x I" 1 } is considered. Since 



V 7l (lp ai )c(R(lp)\R(lp))nW luai cy 7l (^'). 



in all considerations the domain V 11 {p ai ) can be replaced by W 7l)Ql r\(R(^p)\R(^p)). In my 
first papers [13,14] instead of the domain V 11 (p ai ) the cone {x G M d :| (a;, 71) |< e \ x || 71 [}, 
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where e < 1, is considered. In any case we use the same idea: roughly speaking, the 
eigenvalues I7 + t| 2 , for large 7 £ T, is non-resonance if 7 + t far from the diffraction planes. 
Nevertheless it is suitable to define the non-resonance eigenvalue in different way depending 
on the form of the potential. Namely, the domain W 71)ai is suitable, when the potential 
is the trigonometric polynomial. In case of smooth potential we need to introduce a large 
parameter p and consider V 11 (p ai ). Note that all considered eigenvalues I7 + i| 2 of L t (0) 
satisfy the relations \p < I7 + 1\ < \p. Therefore in the asymptotic formulas instead of 
0(p a ) one can take 0(| 7 + t\ a ). 

In section 2 to investigate the perturbation of the non-resonance eigenvalues | j + t 2 we 
take the operator L t (0) for an unperturbed operator and q(x) for a perturbation. Iterating 
the binding formula (1.8) for L t (q) and L t (0), namely, using (1.12) in (1.9) and then using 
the decomposition (1.6) and continuing this process, we prove that (1.13) and an asymptotic 
formulas of arbitrary order hold. More precisely, we obtain the following results. For each 
7 + t E U(p ai ,p) there exists an eigenvalue Ajv(t) of the operator L t (q) satisfying the 
formulae 

A N (t) =| 7 + t | 2 +F fe _ 1 ( 7 + t) + 0(| 7 + t |- fcQl ) (1.14) 

for k — 1,2, [i(p — \x(d — 1))], where [a] denotes the integer part of a, F — 0, and Fk-i 
for k > 1 is expressed by the potential q(x) and the eigenvalues of L t (0). Besides, we prove 
that if the conditions 

| Ajv (t)-|7 + t| 2 |<^ ai , (1-15) 
\b(N, 7 )\>c 5 p- ca , (1.16) 

where < c < p — jd3 d 7 hold, then the following statements are valid: 

(a) if 7 + t e U(p ai ,p), then A N (t) satisfies (1.14) for k = 1,2, [§(p- c)] ; 

(b) if 7 + t G E s \E s+ i, where s = 1, 2, d - 1, then 

Ajv(t) = Aj(7 + t) + 0(| 7 + * |-(f- c -i d3 >), (1.17) 

where Xj is an eigenvalue of a matrix (7(7 + t) ( see below for the explanation of C in 
the three-dimensional case). Moreover, we prove that every large eigenvalue of the operator 
L t (q) for all values of t satisfies one of these formulae ( see Theorem 2.1 and Theorem 2.2). 

The results of section 2 is considered in [15,17]. However, in those paper these results 
are written only briefly. Here we write the non-resonance case in an improved and enlarged 
form and so that it can easily be used in the next sections. The non-resonance eigenvalues 
for the three-dimensional Schrodinger operator L t (q) was considered in [16]. Moreover, in 
[16] we observed that if 7 + 1 G V s (p ai )\E 2 and 71 G T(p a )\{n5 : n G Z}, where 8 is the 
element of T of minimal norm in its direction, then it follows from the definition of E2 that 
the inequalities obtained from (1.11) by replacing a\ with a 2 hold. Hence 

6(AT, 7 - 7l ) = 0(p- a2 ) (see (1.12)) and (1.9) has the form 

(Ajv(f)- I 7 + t | 2 W7)= E 9rrf&W7-n*) + 0(J_). (1.18) 

raez,ni5ero a ) " 

This gives an idea that the influence of q(x) — q s (x), where 

q S (x) = J2ln6e in ^ x) (1.19) 

is the directional potential, is not significant and there exist eigenvalues of L t (q) which 
are close to the eigenvalues of L t (q s ). Note that in [16] ( see Theorem 2 of [16]) writing 
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the equations obtained from (1.18) by replacing | 7 + t 2 with | 7 + t + nS | 2 for n e Z, 
n5 G r(/3 Q ), we got the system from which we conclude that the probable approximations, 
besides | 7 + i | 2 , of the eigenvalues of the three-dimensional Schrodingcr operator L t (q) are 
the eigenvalue of the matrix C, where C is a finite submatrix of the matrix corresponding 
to the operator L t (q 5 ). However, in the (i-dimensional case, to investigate the perturbation 
of the eigenvalue | 7 + i | 2 when corresponding quasimomentum 7 + i lies in intersection of k 
resonance domains we have to consider more complicated system and matrix (see (2.15) and 
[15,17]). In [13,14] to investigate the non-resonance and resonance eigenvalues we used the 
approximation of the Green functions of L t (q) by the Green functions of L t (0) and L t (q s ) 
respectively. 

Thus, in section 2 we write the asymptotic formulas obtained in [15,17] an improved and 
enlarged form. Moreover it helps to read section 3, where we consider in detail the single 
resonance domains Vs(p ai )\E 2 , since there are similarities between investigations of the 
non-resonance and the single resonance case. To see the similarities and differences between 
the non-resonance case and the single resonance case, that is, between the section 2 and 
section 3, let us give the following comparison. As we noted above in the non-resonance case 
the influence of the potential q(x) is not significant, while in the single resonance case the 
influence of q(x) — q s (x) is not significant. Therefore, in the section 2 for the investigation 
of the non-resonance case we take the operatorLi(O) for an unperturbed operator and q(x) 
for a perturbation, while in the section 3 for investigation of the single resonance case we 
take the operator L t (q s ) for an unperturbed operator and q(x) — q s (x) for a perturbation. 
In section 2 to obtain the asymptotic formula for the non-resonance case we iterate the 
formula (1.8) (called binding formula for L t (q) and L t (0)) connecting the eigenvalues and 
cigcnfunctions of L t (q) and L t (0). Similarly, in section 3 for investigation of the eigenvalues 
corresponding to the quasimomentum lying in the single resonance domain Vs(p ai )\E 2 ( see 
Definition 1.1), we iterate a formula (called binding formula for L t (q) and L t (q s )) connecting 
the eigenvalues and eigenfunctions of L t (q) and L t (q s ). The binding formula for L t (q) and 
L t (q s ) can be obtained from the binding formula (1.8) for L t (q) and L t (0) by replacing 
the perturbation q(x) and the eigenvalues | 7 + i | 2 , the eigenfunctions e J (7+t,z) f the 
unperturbed ( for the non- resonance case) operator L t (0) with the perturbation q(x) — q s (x) 
and the eigenvalues, the eigenfunctions of the unperturbed ( for the single resonance case) 
operator L t (q s ) respectively. To write this formula first we consider the eigenvalues and 
eigenfunctions of L t (q s ). The eigenvalues of L t (q s ) can be indexed by pair ( j, [3) of the 
Cartesian product Z x Y$ : 



where T$ is the dual lattice of fls and Clg is the sublattice {h 6 ft : (h, S) = 0} of f2 in the 
hyperplane H$ = {x e K d : (x,5) = 0} ( see Lemma 3.1 ). Thus the binding formula for 
L t (q) and L t (q 5 ) is 



where b(N,j,f3) — (^jv.t(^), ®j,p( x )), which can be obtained from (1.4) by multiplying by 
&j t p(x) and using (1.20). To prove the asymptotic formulas in the single resonance case 
we iterate the formula (1.21). The iterations of the formulas (1.8) and (1.21) are similar. 
Therefore the simple iterations of (1.8) in section 2 helps to read the complicated iteration 
of (1.21) in section 3. The brief and rough scheme of the iteration of (1.21) is following. 
Using (1.6), decomposing (q(x) — q 5 (x))§j^(x) by eigenfunction of L t (q s ) and putting this 
decomposition into (1.21), we get 



(1.20) 



{AN(t)-\j,f,)b(N,j,0) = (* N , t (x),(q(x) -q 5 (x))^(x)), 



(1.21) 



(A N (t)-\ j , /3 )b(N,j,p)=0(p-v a ) 
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+ Yl AfrpJ+hfi + PMNJ+jup + fa), (1.22) 
where Q is a subset of the Cartesian product Z xTs- Now using 



(* N ,t(x),(q(x)-q s (x))* j ,p(x)) ^ 
(A N (t) - Aj +Jli/3+/3l ) 

which is obtained from (1.21) by replacing j, with j +ji, + 0i, in (1.22), we get the one 



b(N,j + j 1 ,0 + 1 ) 
from (1 

times iteration of (1.21): 



(Ajv(i) - \j t p)b(N, j, 0) = 0(p-f«) + (1.23) 
A(j,0,j+j 1 ,0 + 1) 



V- „ , , ,. fl , fl .(^(x),^)-^^))*^^)) 



Continuing this process we get the iterations of (1.21). Then we prove the asymptotic 
formulas, by using the iterations of (1.21), as follows. First we investigate, in detail, the 
multiplicand A(j,0,j + ji,0 + 0\) of (1.23) and prove the estimation 

]T | A(j,0,j+j h + 1 ) \<c e (1.24) 
UuPi)eQ 

( see Lemma 3.2, Lemma 3.3, see Lemma 3.4). Then we investigate the distance between 
eigenvalues Xj^ and Aj+jj ( see Lemma 3.5) and hence estimate the denominator of 
the fractions in (1.23), since Ajv(t) is close to Aj^. Using this and the estimation (1.24) we 
prove that there exists an index N such that fc( - jV 1 j . ^ times the right-hand side of (1.23) is 
0(p~ a2 ), from which we get 

Ajv(t) = X jt p + 0(p-°") (1.25) 

( see Lemma 3.6, Theorem 3.1). At last using this formula in the arbitrary times iterations 
of (1.21), we obtain the asymptotic formulas of arbitrary order ( Theorem 3.2). 

In Section 4 we investigate the Bloch function in the non-resonance domain. To in- 
vestigate the Bloch function we need to find the values of quasimomcnta 7 + t for which 
the corresponding eigenvalues of L t (q) are simple. In the interval (p 2 , p 2 + 1) of length 1 
there are , in average, p d ~ 2 eigenvalues | 7 + 1 \ 2 of the unperturbed operator L t (0). Under 
perturbation, all these eigenvalues move and some of them move or order 1. Therefore, it 
seems it is impossible to find the values of quasimomenta 7 + 1 for which the corresponding 
eigenvalues of Lt(q) are simple. For the first time in papers [15-17] (in [16] for d = 3 and in 
[15,17] for the cases: d = 2, q(x) G L 2 {F) and d > 2, q(x) is a smooth potential) we found 
the required values of quasimomenta, namely we constructed the subset B of U(p ai ,p) with 
the following property: 

Property 1 (Simplicity). If 7 + t £ B, then there exists a unique eigenvalue A N (t), 
denoted by A(7+t), of the operator L t (q) satisfying (1.13), (1.14). This is a simple eigenvalue 
of L t (q). Therefore we call the set B the simple set. 

Construction of the set B consists of two steps. 

Step 1. We prove that all eigenvalues Ajv(i) ~ p 2 of the operator L t (q) lie in the E\ 
neighborhood of the numbers ^(7 + t) and Aj(7 + t), where 

^(7 + t) =| 7 + t | 2 +F fel _!( 7 + t), £l = p- d - 2a , h = [A] + 2 (1.26) 
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( see (1.14), (1.17)). We call these numbers as the known parts of the eigenvalues of L t (q). 
Moreover, for 7 + t G U(p ai ,p) there exists A N (t) satisfying 

A N (t) = F( 7 + t) + o(p- d - 2a ) = F( 7 + t) + o(ei). (1.27) 

Step 2. By eliminating the set of quasimomcnta 7 + t, for which the known parts 
f(7 + t) of Ajv(t) are situated from the known parts F(-f + t), A.,- (7 +t) (7 7^ 7) of other 
eigenvalues at a distance less than 2e 1; we construct the set B with the following properties: 
if 7 + 1 G B, then the following conditions (called simplicity conditions for the eigenvalue 
Ajv(i) satisfying (1.27)) 

|F(7 + t)-F(7'+t)|>2ei (1.28) 
for 7' G K\{-f}, 7' +t G U(p ai ,p) and 

|F(7 + t)-Aj(7'+t)|>2ei (1.29) 

for 7 G if, 7 + f G Ek\Ek+i, j = 1, 2, where if is the set of 7 € T satisfying 

in7 + *)-|7'+*| 2 |<^ ai , (1-30) 
hold. Thus the the simple set B is defined as follows: 

Definition 1.2 The simple set B is the set of x G U{p a \p)r\{R{\p-p ai - 1 )\R{\p+p° 11 - 1 )) 
such that x = 7 + t, where 7 G T, t G F*, and ifte simplicity conditions (1.28), (1.29) hold. 

As a consequence of the conditions (1.28), (1.29) the eigenvalue Ajy(t) satisfying (1.27) 
does not coincide with other eigenvalues. 

To check the simplicity of Ajv(i) = A (7 + t) ( see Property 1) we prove that for any 
normalized eigenfunction ^N,t(x) corresponding to Ajy(i) the equality 

\b(N, 7 ')\ 2 =0(p- 2 ^), (1.31) 

7 'er\ 7 

which equivalent to 

\b(N,i) | 2 =l + 0(p- 2ai ), (L31a) 

holds. The equality (1.31a) implies the simplicity of Ajv(t). Indeed, if Ajy(i) is multiple 
eigenvalue, then there exist two orthogonal normalized eigenfunctions satisfying (1.31a), 
which is impossible. In fact to prove the simplicity of Ajv(i) it is enough to show that for 
any normalized eigenfunction &N,t( x ) corresponding to A N (t) the inequality 

I 6(iV, T ) | 2 > I (1.31b) 

holds. We proved this inequality in [15-17] and as noted in Theorem 3 of [16] and in [18] 
the proof of this inequality does not differ from the proof of (1.31a) which equivalent to the 
following property: 

Property 2 (Asymptotic formulas for the Bloch function). If 7 + i G B, then the 
eigenfunction ^fjf it (x), denoted by ^ 7+t (x), corresponding to the eigenvalue Ajv(i) = A( 7 +t) 
( see property 1) is close to e^ 7+ *' x \ namely 

* Nit (x) = * 7+t (ar) = e^ +t ^ + 0(| j + t |" ai ). (1.32) 

From (1.32), by iteration, we get 

* 7+t (x) - F* k _Al + t)+0(\ 7 + t r tol ) (1.33) 
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for k = 1,2, ... , where F k *_ 1 (-f + 1) is expressed by q(x) and by the eigenvalues and eigen- 
functions of L t (0) ( see Theorem 4.2, formula (4.20), and [18])). 

Note that the main difficulty and the crucial point of the investigation of the Bloch 
functions and hence the main difficulty of the perturbation theory of L(q) is the construction 
of the simple set B. This difficulty of the perturbation theory of L(q) is of a physical 
nature and it is connected with the complicated picture of the crystal diffraction. In the 
multidimensional case this becomes extremely difficult since in the 1 neighborhood of p 2 
there are , in average, p d ~ 2 eigenvalues and hence the eigenvalues can be highly degenerate. 
To see that the main part of the perturbation theory is the construction of the set B let us 
briefly prove that ( the precise proof is given in Theorem 4.1) from the construction of B it 
easily follows the simplicity of the eigenvalues and the asymptotic formula (1.32) for Bloch 
function. As we noted above to prove the simplicity of Ajv(i) and the asymptotic formula 
(1.32) it is enough to prove that (1.31) holds, that is, we need to prove that the terms 
b(N,j) in (1.31) is very small. If | 6(^,7') |> c 5 p- ca , then in (1.15), (1.16), (1.14), (1.17), 
(1.27) replacing 7 by 7 , we see that Ajv(t) lies in e\ neighborhood of one of the numbers 
F("f + 1) and \j("f + 1), which contradicts to the simplicity conditions (1.28), (1.29), since 

(1.27) holds. 

Since the main part of the perturbation theory is the construction of the set B let us 
discuss the construction and the history of the construction of the simple set. For the first 
time in [15-17] we constructed the simple set B. In [16] we constructed the simple set for 
the three dimensional Schrodinger operator L(q). If d = 2,3, then the simplicity conditions 

(1.28) , (1.29) are relatively simple, namely in this case F{"f + t) = | 7 + t | 2 and the matrix 
C(7 + 1), when 7 + t lies in the single resonance domain, corresponds to the Schrodinger 
operator with directional potential (1.19) ( see Theorem 1 and 2 in [16]). Therefore the 
simple set is constructed in such way that if 7 + t G B, then the inequality 



construction of the simple set B of quasimomenta in case d = 3we eliminated the vicinities 
of the diffraction planes ( see (1.34)), the sets connected with directional potential ( see 
(1.35)), and the intersection of two resonance domains ( see (1.36)). 

As dimension d increases, the geometrical structure of B becomes more complicated for 
the following reason. Since the denseness of the eigenvalues of the free operator increases 
as d increases we need use the asymptotic formulas of high accuracy and investigate the 
intersections of high order of the resonance domains. Then the functions + 1), Xj (7 + 1) 
( see (1.28), (1-29)) taking part in the construction of B ( see definition 1.2) becomes more 
complicated. Therefore surfaces and sets defined by these functions becomes more intricate. 
Besides of this construction in [15] we gave the additional idea for nonsmooth potential, 
namely for construction of the simple set B for nonsmooth potentials q{x) E L 2 (M 2 /fi), we 
eliminated additionally a set, which is described in the terms of the number of states ( see 
[15] page 47 and [19,20]). More precisely, we eliminated the translations A k of the set A k 
by vectors 7 G T, where 




A l = {x : N x (K p (-^)) > b u A k = {x: N x (K p ( 



2 fc ~ 1 M( 







2 k - 2 M Q 



))>M. 



p 



p 



running head 



9 



M > l,6i = (M )i, 6 fe = (2 fe M )M > 2, if p (a) = {x :|| x | -p |< a} and JV X (4) is 
the number of the vectors 7 + x lying in A. These eliminations imply that if 7 + t is in 
the simple set then the number of vectors 7 in Ak less than or equal to bk- On the other 
hand using the formula (1.8) it can be proved that | 6(iV, 7 ) | 2 = O((2 fe M ) -2 ). As a result 
the left-hand side of (1.31) becomes o(l), which implies the simplicity of A (7 + 1) and the 
closest of the functions 5' 7 +t(x), e l ^i+ t - x ) . The simple sets B of quasimomenta for the first 
time is constructed and investigated ( hence the main difficulty and the crucial point of 
perturbation theory of L(q) is investigated) in [16] for d = 3 and in [15] for the cases: 1. 
d = 2, q(x) 6 L 2 (F); 2. d > 2, g(x) is a smooth potential. 

Then, Yu. E. Karpeshina proved ( see [6,7]) the convergence of the perturbation series of 
two and three dimensional Schrodinger operator L(q) with a wide class of nonsmooth poten- 
tial q(x) for a set, that is similar to B (see the section of geometric construction in [6] and 
footnote in the page 110 in [7]). In [3] the asymptotic formulas for the eigenvalues and Bloch 
function of the two and three dimensional operator L t (q) were obtained by investigation of 
the corresponding infinity matrix. 

In section 5 we consider the geometrical aspects of the simple set of the Schrodinger 
operator of arbitrary dimension. We prove that the simple sets B has asymptotically full 
measure on M. d . Moreover, we construct a part of isoenergetic surfaces {t E F* : 3N 7 Ajy(t) — 
p 2 } corresponding to p 2 , which is smooth surfaces and has the measure asymptotically close 
to the measure of the isoenergetic surfaces {t e F* : 3j e T, | 7 + 1 \ 2 = p 2 } of the operator 
-L(O). For this we prove that the set B has the following third property: 

Property 3 (Intercept with the isoenergetic surface). The set B contains the 
intervals {a + sb : s G [— 1, 1]} such that A(a — b) < p 2 , A(a + b) > p 2 and hence there exists 
7 + 1 such that A(7 + t) = p 2 , since in the intervals {a + sb : s 6 [-1,1]}cB the eigenvalue 
A (7 + 1) is simple ( see Property 1) and the function A(x) is continuous on these intervals. 

Using this idea we construct the part of the isoenergetic surfaces. The nonemptyness of 
the isoenergetic surfaces for p> 1 implies that there exist only a finite number of gaps in 
the spectrum of L, that is, it implies the validity of the Bethe-Sommerfcld conjecture for 
arbitrary dimension and for arbitrary lattice. 

For the first time M. M. Skriganov [11,12] proved the validity of the Bethe-Sommerfeld 
conjecture for the Schrodinger operator for dimension d = 2, 3 for arbitrary lattice, for 
dimension d > 3 for rational lattice. The Skriganov's method is based on the detail investi- 
gation of the arithmetic and geometric properties of the lattice. B. E. J. Dahlbcrg and E. 
Trubowits [1] using an asymptotic of Bessel function, gave the simple proof of this conjecture 
for the two dimensional Schrodinger operator. Then in papers [15-17] we proved the validity 
of the Bethe-Sommerfeld conjecture for arbitrary lattice and for arbitrary dimension by using 
the asymptotic formulas and by construction of the simple set B, that is, by the method of 
perturbation theory. Yu. E. Karpeshina ( see [6-9]) proved this conjecture for two and three 
dimensional Schrodinger operator L(q) for a wide class of singular potentials q{x), including 
Coulomb potential, by the method of perturbation theory. B. Hclffcr and A. Mohamed 
[5], by investigations the integrated density of states, and recently L. Parnovski and A. V. 
Sobolcv [10] proved the validity of the Bethe-Sommerfeld conjecture for the Schrodinger 
operator for d < 4 and for arbitrary lattice. The method of this paper and papers [15-17] is 
a first and unique, for the present, by which the validity of the Bethe-Sommerfeld conjecture 
for arbitrary lattice and for arbitrary dimension is proved. 

The results of the sections 4,5 is obtained in [15-18]. But in those papers these results are 
written briefly. The enlarged variant is written in [19] which can not be used as reference. In 
the sections 4,5 we write these results in improved and enlarged form, namely we construct 
the simple set B with the properties 1, 2, 3. In the papers [15-17] we emphasized the 
Bethe-Sommerfeld conjecture and for this conjecture it is enough to prove the properties 1, 
3 and the inequality (1.31b). Therefore in [15-17] we constructed a simple set satisfying the 
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properties 1, 3 and the inequality (1.31b) and noted in Theorem 3 of [16] and in [18] that 
the proof of this inequality does not differ from the proof of (1.31a) which equivalent to the 
property 2, that is, to the asymptotic formula (1.32) for Bloch functions. From (1.32) we 
got (1.33) by iteration (see [18]). Note that one can read Section 4 and Section 5 without 
reading Section 3. 

In section 6 we construct simple set in the resonance domain and obtain the asymptotic 
formulas of arbitrary order for the Bloch functions of the d dimensional Schrodinger operator 
L(q), where q(x) £ W^F), s > 6(3 d (d + l) 2 ) + d, when corresponding quasimomentum lies 
in this simple set, by using the ideas of the sections 4, 5. For the first time the asymptotic 
formulas for the Bloch function in the resonance case is obtained in [4] for d — 2 and then in 
[8,9] for d = 2, 3. In this paper we obtain the asymptotic formulas in the resonance domain 
for arbitrary dimension d. Note that we construct the simple sets in the non-resonance 
domain so that it contains a big part of the isoenergetic surfaces of L(q). However in the 
case of resonance domain we construct the simple set so that it can be easily used for the 
constructive determination ( in next papers) a family of the spectral invariants by given 
Floquet spectrum and then to give an algorithm for finding the potential q(x) by these 
spectral invariants. 

In this paper for the different types of the measures of the subset A of R d we use the 
same notation p(A). By | A | we denote the number of elements of the set A and use the 
following obvious fact. If a ~ p, then 

| { 7 + t : 7 G T, || 7 + t | -a |< 1} |= O^" 1 ). (1.37) 

Therefore for the number of the eigenvalues Aat(£) of L t (q) lying in (a 2 — p, a 2 + p) the 
equality 

| {N : A N (t) e (a 2 - p,a 2 + p)} |= O^" 1 ) (1.37a) 
holds. Besides, we use the inequalities: 

ct\ + da < 1 — a , da < tj ^' (1.38) 
a k + (k - l)a < 1, a k+1 > 2(a k + (k - l))a (1.39) 
fci < \{p - \{n{d - 1)), 3k ia > d + 2a, (1.40) 

for k = 1, 2, d, which follow from the definitions of the numbers p, x, a, a k ,ki ( see (1.6), 
(1.2), (1.26), and the Definition 1.1). 



2 Asymptotic Formulae for the Eigenvalues 

First we obtain the asymptotic formulas for the non-resonance eigenvalues by iteration of 
the formula (1.9). If (1.15) holds and 7 + t e U(p a \p), then (1.11) holds. Therefore using 
the decomposition (1.6) in (1.12), we obtain 

Substituting this for b(N,-y — 71) into the right-hand side of (1.9) and isolating the terms 
containing the multiplicand 6(iV, 7), we get 

(A,W-|7 + t| 2 m7)= E Yr^ 1 ~ 11 + °^ Pa ) = (2-2) 
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I gn I 2 bjNrt) g 7l g 72 b(A^,7-7i -72) _ pa 

71 lr^) A ^)-i^-^ + *i 2 ^(p-,. a ^)-i^-^ + *i 2 

7l+72#0 

since g 7l <; 72 =| <z 7l | 2 for 71 + 72 = and the last summation is taken under the condition 
7i + 72 7^ 0. The formula (2.2) is the one time iteration of (1.9). Let us iterate it several 
times. It follows from the definition of U(p ai ,p) that ( see Definition 1.1) if^y+t € U(p ai ,p), 
71 G T(p Q ), 7 2 e T(p a ), ..., 7fe e T(p a ), 7l + 72 + ... + 7 fc + 0, and (1.15) holds, then 

II 7 + « I 2 - I 7 - 7i - 72 - ... - Ik + t | 2 |> p Ql , 

I Ajv(i)- I 7 - 7i - 72 - - Ik + t | 2 |> , Vfc < p. (2.3) 



Therefore arguing as in the proof of (2.1), we get 

g7 fc +i 6 (^7-' 
Ajv(i)- I 7-7i -72 - ••• -Ik +t | 2 ' ~V' 



KN l7 -f 7j) = V A ^ 6( ^ 7 ' 7l ' 72 '-' 7fc+l) |2 +Q(^) ,2.4) 
j=i 7fc+ ier( P -) 

for k < p, 71 + 72 + ... + 7fc 7^ 0. Now we iterate (1.9), by using (2.4), as follows. In (2.2) 
replace b(N, 7 — 71 — 72) by its expression from (2.4) ( in (2.4) replace k by 2) and isolate 
the terms containing b(N, 7), then replace b(N, 7 — 71 — 72 — 73) for 71 + 72 + 73 7^ by its 
expression from (2.4) and isolate the terms containing b(N, 7). Repeating this p\ times, we 
obtain 

(A N (t)- I 7 + t \ 2 )b(N, 7) = A P1 _,(A N , 7 + t)6(J\T, 7) + C Pl + 0(p-n, (2-5) 
where pi = [§] + 1, ^-1^,7 + *) = ELi 1 Sfc(Ajv,7 + t) , 

5 fe (A w , 7 + t)= V g 7l g 72 -g 7fc g- 7l - 72 -- 7fc — 
^' nLi(A w (t)-|7 + *-Ej=i7<l 2 ) 



c P i - y 



7 i,..., 7 fcer( / 9<»)iij= 

g 7 ig 72 -.g 7pi +A N n -71 -72 - ... -7 P i+i) 
imi(AAK;M7 + t-ELi7,l 2 ) 



7ii->7pi+ier( P «) ±±j= 

Here the summations for Sk and C P1 are taken under the additional conditions 71 +72 + ••• + 
7 S / for s = 1,2, ...,k and s = 1,2, ...,pi respectively. These conditions and (2.3) shows 
that the absolute values of the denominators of the fractions in Sk and C Pl are greater than 
{\p ai ) k and {\p ai ) Pl respectively. Now using the first inequality in (1.7), we get 

S k (A Nn + t) = 0(p- ka >)yk = 1,2, ..., Pl - 1, (2.6) 

c pi = o(p-^) = o( P ~n, 

since p\ > 3p ( see (2.5)), ct\ = 3a ( see Definition 1.1), and hence piai > pa. In the proof 
of (2.6) we used only the condition (1.15) for A^v- Therefore 

S k (a ll + t) = 0{p- k ^) (2.7) 

for all a G R satisfying | a- | 7 + f | 2 |< \p ai . 

Theorem 2.1 (a) Suppose -f + t 6 U(p ai ,p). If (1.15) and (1.16) hold, then An {t) satisfies 
formulas (1.14) f or k = l,2, [|(p — c)], w/iere 

^ ( 7 + t)=0, F fc ( 7 + <) = O(p- ttl ),Vfc-0,l,..., (2.8) 



running head 



12 



7ier( P °) 



F s = A„{\ 7 + t | 2 +F S _ 1)7 + 1) = 5 fc (| 7 + t | 2 +F 5 _ 1)7 + i) = (2.10) 

k=l 

s 

?7l ( ?72"-?7fc9-7i — W — 7fc \ 

7l ,...^ r(pQ) n- =1 (l 7 + t I 2 I 7 + * - Ei=i 7< I 2 ) 

for s = 1,2, .... and the last summations in (2.10) are taken under the additional conditions 
I1+I2 + ■■■ + lj ^ for j = 2, 3, k 

(b) For each vector 7 + t from U(p ai ,p) there exists an eigenvalue Ajv(i) of L t (q) satis- 
fying (1.14) for k = 1,2, [i(p - |x(rf - 1))]. 

Proof, (a) Dividing both side of (2.5) by b(N, 7) and using (1.16), (2.6), we get the 
proof of (1.13). Thus the formula (1.14) for k = 1 holds and F a = 0. Hence (2.8) for k = 
is also proved. Moreover, from (2.7), we obtain 

Sfc(| 7 + * I 2 +0(p- Ql ), 7 + *) = 0(p- k ^) (2.11) 

for fc = 1, 2, .... Therefore (2.8) for arbitrary k follows from the definition of Fk ( see (2.10)) 
by induction . Now we prove (1.14) by induction on k. Suppose (1.14) holds for 
k = j < [|(p — c)] < pi, that is, 

Ajv(t) =| 7 + * I 2 +^-i(7 + 1) + 0(p- jQl ). 

Substituting this into A pl _i(Ajv, 7+t) in (2.5), dividing both sides of (2.5) by b(N, 7), using 
(1.16), and taking into account that 

A P1 ^(A N , 7 + t) = Aj{A N ,i + t) + 0{p-^ ai ) 

( see (2.6) and the definition of A pi _i in (2.5)), we get 

Ajv(t) =| 7 + * I 2 +4; (I 7 + * I 2 +^-1 + 0(p _J ' Q1 ), 7 + t) + 0(p-^ ai ) + 0(p-^ a ). 

On the other hand 0(p-^-^ a ) = 0(p-^ +1 ) ai ), since j + 1 < \\p - c], and c*i = 3a. 
Therefore to prove (1.14) for fc = j + 1 it remains to show that 

M\ 7 + i I 2 +^-i+0(p- J ' ai ),7 + *) = A;(l 7 + * | 2 +^--1,7 + *)) + 0(p-«+ 1 )* 1 ) (2.12) 

( see the definition of Fj in (2.10)). It can be checked by using (1.7), (2.8), (2.11) and the 
obvious relation 

1 



n -=i(l 7 + t | 2 +F j _ 1 + 0(p-^)- \ i + t- EI =1 7, I 2 ) 

1 

nua 7 + 1 1 2 1 7 + « - eu 7* 1 2 ) 



( 1 1) 



n;=i(i 7 + * 1 2 +f 3 -i- \i+t- 7, 1 2 ) 1 - o( P -w+iw 

0(p-« +1 ) ai ), Vs = 1,2,.... 
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The formula (2.9) is also proved, since by (2.10) and (2.8) we have 

\l + t | 2 - | 7 + * - 71 I 



F 1 =A 1 (|7 + t| 2 ,7 + *) = S 1 (|7 + t| 2 ,7 + i)= E i^^-fr:,-^ 12 ( 2 - 13 ) 



7l er( P °) 1 

(b) Let A be the set of indices TV satisfying (1.15). Using (1.8) and Bessel inequality, we 
obtain 

AT£A JV*A AAf 17 + 1 

Hence, by the Parseval equality, we have 

]T \b(N, 7 ) \ 2 =i-o( P - 2 ^). 

NeA 

This and the inequality | A \= 0(/ _1 ) = 0{p i - d - 1 ^ a ) ( sec (1.37a) and the definition of 
a in (1.6)) imply that there exists a number N satisfying (1.16) for c = \n{d — 1). Thus 
Ajv(t) satisfies (1.14) due to (a) m 

Theorem 2.1 shows that in the non-resonance case the eigenvalue of the operator L t (q) is 
close to the eigenvalue of the unperturbed operator L t (0). However, in Theorem 2.2 we prove 
that if 7 + t e n^ =1 V-y z (p ak )\E k+1 for k > 1, where 71 , 72 , ■ • ■ , 7fe are linearly independent 
vectors of T(pp a ), then the corresponding eigenvalue of L t (q) is close to the eigenvalue of 
the matrix constructed as follows. Introduce the sets: 

B k =B k { lul2 ,..., lk ) = {6:6 = E?=i«i7i,»ii eZ,| 6|< \p? a «+^}, 

5 fe ( 7 + t)= 1 + t + B k = { 1 + t + b:be B k }, (2.14) 

B fe ( 7 + t,pi) = {7 + t + b + a : b G B k , \ a |< pip", a G T} = {hi + t : i = 1, 2, ...,b k }, 

where p\ is defined in (2.5), h\ + t, h 2 + t, hb k + t are the vectors of B k (^ + t,p\), 
and b k = 64,(71,72, ...,7fe) is the number of the vectors of B k (j + t,pi). Define the matrix 

C(7 + *,7i,72,-,7fe) = fad) by 

<H,i =\hi + t | 2 , Ci tj = q hi -h v Vi 7^ J. (2-15) 
where i, j = 1, 2, b k . Now we consider the resonance eigenvalue | 7 + t | 2 for 

7 + iG(ni 1 ^ 7i (p afe )) 

by using the following Lemma. 

Lemma 2.1 Suppose -/ + t e (r\^ =1 V 7l (p ak ))\E k+1 and h + t G -Bfc(7 + i,pi). // 
(/i - 7' + i) ^ B fe (7 + i,pi), w/iere 7' G r(p a ), tften 

II 7 + « I 2 - I h - 7' - 7i - 7 2 - - 7l + * H> ^" fc+1 (2-16) 

/ora = 0,l,...,pi-l, where ^ G T(p a ), j' 2 G T(p a ), ^ G T(p a ). 

Proof. It follows from the definitions of p\ ( see (2.5)) and p ( see (1.6), (1.2)) that 
p > 2pi. Therefore the conditions of Lemma 2.1 imply that 

h-7 -l[ -72 -■■■-%+* G B k (-f + t,p)\B k (-f + t) 

for s = 0, l,...,pi — 1. By the definitions of Sfe(7 + t,p) and ( see (2.14)) we have 
h - 7 -7 1 -7 2 -...-7 s + £ = 7 + £ + 6 + a, where 

j 6 |< ip* a *+i } | a |< w a , 7 + t + 6 + a^7 + t + B fc , & G B k C P, (2.17) 
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and P = S'pan{7i i 72, ...,7fc}. In this notation (2.16) has the form 

I j + t + a + b | 2 - I 7 + t | 2 |> \p ak+ \ (2.18) 

where (2.17) holds. To prove (2.18) we consider two cases: 

Case 1. a G P. Since b G B k C P ( sec (2.17)) we have a + b e P. This with the third 
relation in (2.17) imply that a + b G P\B k ,i.e., 

a + beP, I a + 6 |> Ip2«*+i (2.19) 

( see the definition of P& in (2.14)). Now to prove (2.18) we consider the orthogonal decom- 
position -f + t = y + v of ■y + t, where v G P and y_LP. First we prove that the projection v 
of any vector x G n fe =1 V^ (p ati ) on P satisfies 

\v |= 0(p {k - 1)a+ak ). (2.20) 

For this we turn the coordinate axis so that P coincides with the span of the vectors 
ei = (1, 0, 0, 0), e 2 = (0, 1, 0, 0), e k - Since j s G P we have 



= ^I^ ei ' Vs = 1,2,...,/: 

i=l 

Therefore the relation x G n* =1 K yi (/9 Q ' 1 ) and (1.10) imply 

fe 

^7a,i^ -0(p Qfc ), V« = 1,2,...,A; 

i=l 

where a; = (07, £2, a;<i), 7j = 7j,2, 7j,fc, 0, 0, 0). Solving this system of equations 
by Cramer's rule, we obtain 

det(K?i) 

g n = , 3 ' ,Vn = l,2,...,fc, 2.21 
det(7,-,i) 

where &™j = 7^ for n ^ j and &™ 4 = 0(p ak ) for n = j. Since det(7j,i) is the volume of the 
parallelepiped generated by the vectors 71,72, ■■■,7k we have det(7j,i) > /i(P) = 1. On the 
other hand the relation jj G T(pp a ) and the definition of imply that 

7 ^|<W Q , det(6^) = 0(p^+( fc - 1 )«). 

Therefore using (2.21), we get 

x n = 0(p ak+{k - 1)a ) 1 Vn = l,2,...,k; Vx G C) k — 1 V~ /i (p ak ). (2.22) 

Hence (2.20) holds. The conditions a E P, b E P and the orthogonal decomposition 
-f + t = y + voi-f + t, where v G P and yJ-P imply that (y, v) — (y, a) — (y, b) = 0, 

\j + t + a + b\ 2 -\-f + t | 2 =| a + b + v | 2 - I v | 2 . (2.23) 

Therefore using (2.20), (2.19), and the inequality a k +i > 2(a k + (k — l)a) ( see the second 
inequality in (1.39)), we obtain the estimation (2.18). 
Case 2. a £ P. First we show that 

|| 7 + t + a | 2 - I 7 + i | 2 |> p°">+K (2.24) 
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Suppose that (2.24) does not hold. Then 7 + 1 G V a (p ak + 1 ). On the other hand 

( see the conditions of Lemma 2.1). Therefore we have 7 + t G Sfc+i which contradicts 
the conditions of the lemma. Thus (2.24) is proved. Now, to prove (2.18) we write the 
difference \ j + t + a + b\ 2 — | 7 + t | 2 as the sum of 

di =| 7 + t + a + b | 2 - I 7 + t + b | 2 and d 2 =| 7 + i + b | 2 - | 7 + f | 2 . 

Since di =| 7 + t + a | 2 - | -f + t | 2 +2(o,6), it follows from the inequalities (2.24), (2.17) that 
I di |> § p ak +K On the other hand, taking a = in (2.23), we have d 2 =\ b + v | 2 - | v | 2 . 
Therefore (2.20), the first inequality in (2.17) and the second inequality in (1.39) imply 
that 

\d 2 \<±p a «+\\d 1 \~\d 2 \>±p ak +\ 

that is, (2.18) holds ■ 

Theorem 2.2 (a) Suppose 7+te (nf =1 V 7i (p°"°))\E k+1 , where 1 < fc < d - 1. 7/ (i.J5j 
and (1.16) hold, then there is an index j such that (1.17) holds, where 

Ai(7 + i) < A 2 (7 + i) < ... < A;, fc (7 + i) are f/ie eigenvalues of the matrix C(7 + 
i, 71,72, -,7fe) de/med m f,SJ5j. 

(6) Every eigenvalue Ajv(i) of the operator L t (q) satisfies one of the formulas (1.14) and 
(1.17) for k = [j(p — \x(d — 1))] and c = ^C^ -1 ) respectively. 

Proof. (a)Writing the equation (1.9) for all hi+t G -B/c(7 + t,p\), we obtain 

(A iv -|^+t| 2 ) (7V,^)= ]T q 1 'b(N,h t - 1 ') + 0(p-P a ) (2.25) 

7 'er( P °) 

for i = 1, 2, £>fc ( see (2.14) for the definition of Bk(j + t,pi)). It follows from (1.15) and 
Lemma 2.1 that if (hi — 7 + t) ^ Sfe(7 + then 

I Ajv(i)- I fti -7' -71 -72 - ... -7s +* I 2 |> ^ Qfc+1 , (2.26) 

where 7 G L( / 9 Q ),7 :) G T(p Q ), j = l,2,...,s and s = 0, l,...,pi — 1. Therefore, using the 
pi times iterations of (2.1) taking into account (2.26), (1.7) and the obvious inequality 
Pictk+i > pa ( see (2.5) and Definition 1.1 for the definitions of p\ and ccfc+i), we see that 
if (hi - 7' + t) B k (-f + t,pi), then 

b(N, hi -l)= V ^^-^^^-V-E^T.) 

7i,...,7p7^er(p-) rijLo ( A JV~ I /ii - 7 + * - Ei=i 7* I 2 ) 

+0(p- pa ) = 0(p pia "+ l ) + o( P - pa ) = o( P - pa ). 

Hence (2.25) has the form 

(A N - \hi+t \ 2 )b(N,h t )= E q ll b(N,h l - 1 ') + 0(p- pa ) 

y'.t'er( P a ), 

hi-y' +teB k (-y+t, Pl ) 

for i = 1, 2, bk- This system can be written in the matrix form 

(C - A N I)(b(N, ht), b(N, h 2 ), ...b(N, h bk )) = 0(p- pa ), 
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where the right-hand side of this system is a vector having the norm 

\\o(p~n \\=o(^/h P -n- 

Using the last two equalities, taking into account that one of the vectors hi+t, hi+t, hb k +t 
is 7 + t ( see the definition of Bk("f + t,p\) in (2.14)) and (1.16) holds, we obtain 

b k 

c 5 R- ca < £ I KNM) | 2 )* <ll (C-AnI)- 1 II Vhc 7 p- pa . (2.28) 

i=l 

Since (C — Ajyl)^ 1 is the symmetric matrix having the eigenvalues (Ajy — Ai) -1 for 
i = 1,2, bk, we have 

max | A N - h | 1 = || (C - A^/)- 1 \\> c 5 c^b~ k p -™+p<* , ( 2 .29) 

i—1.2,...,bk 

where is the number of the vectors of Bfc(7 + t,pi). It follows from the definition of 
Bk(j + t,p\) ( see (2.14)) and the obvious relations 

I B k |= O(pWi), | r( PlP Q ) |= 0(/«), da < ±3 d a = \a d that 

b k = 0(p da+ ^ ak + 1 ) = 0{pi ad ) = 0(p^ da ),yk = l,2,...,d- 1. (2.30) 

Thus formula (1.17) follows from (2.29) and (2.30). 

(b) Let Aat (£) be any eigenvalue of L t (q) lying in (|p 2 , |p 2 ). Denote by D the set of all 
vectors 7 G T satisfying (1.15). Using (1.8), (1.15), Bessel's inequality, Parseval's equality, 
we obtain 

E 1 W7) i 2 - E 1 ^^II+IT^ 1 2 - °^ 2ai ) 11 n= 

2 |6(iV, 7 ) | 2 =l-0(p- 2Ql ). 
Since | £> |= O^ -1 ) ( sec (1.37)), there exists 7 € £> such that 

(d-l) (d-l)»t 
I 6(^,7) l> C 8 /5 2 =C 8/ 9 2 

that is, condition (1.16) for c = i^zlln holds. Now the proof of (b) follows from Theorem 
2.1(a) and Theorem 2.2(a), since either 7 + t G U{p a \p) or 7 + t G E k \E k+1 ( see (2.33)) 



Remark 2.1 TTie obtained asymptotic formulas hold true, without any change in their 
proof, if we replace V yi (p ai ) by U 7l (c4p ai ) and the multiplicand | in (1-15) by ^. -ffere 
we note that the non-resonance domain 

U = U(c AP a \p) = {R{\p)\R(\p))\ (J U 7l (c 4 p Ql ) 

7ier(pp°) 

C see Definition 1.1) has an asymptotically full measure on R d in the sense that ~7§^^ 

iends to 1 as p tends to infinity, where B(p) — {x G M d :| x \— p}. Clearly, B(p) n Vh(c4p Ql ) 
is f/ie part of sphere B(p), which is contained between two parallel hyperplanes 

{x :| x | 2 - I x + b \ 2 = -c iP ai } and {x :| x | 2 - | x + b \ 2 = c iP ai }. 
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The distance of these hyperplanes from origin is O(^r-). Therefore, the relations 
| T{pp a ) \= 0{p da ) and ax + da < 1 - a ( see (1.38)) imply 

p(B(p)nV b (c 4 p^)) = 0(^^), p(E 1 nB(p))=0(p d - 1 - a ), (2.31) 

p(U(c iP a \p) n B(p)) = (1 + 0{p- a ))p(B{p)). (2.32) 

Ifxenf =1 V yi (p ad ), then (2.22) holds for k = d and n = 1, 2, d. Hence we have 

| x |= 0(p ad+ ^ d ~ 1 ^ a ). It is impossible, since ad + (d — l)a < 1 ( see the first inequality 
in (1.39)) and x G B(p). It means that 

for p>l. Thus for p>l roe have 

R{\p)\R{\p) = {u{p a \p)yj{yj d s z\{E s \E s+1 ))). (2.33) 

Remark 2.2 Here we note some properties of the known parts | 7 + t | 2 +Fk(j + t) (see 
Theorem 2.1) and Xj(j + t) ( see Theorem 2.2) of the eigenvalues of L t (q). Denoting j + t 
by x we consider the function F(x) =| x | 2 +Fk(x). It follows from the definition of Fk{x) 
that ( see 2.10) F(x) is continuous on U(c 4 p ai ,p). Let us prove the equalities 

BFi (r) 

_kU. = 0(p- 2 ^ +a ), V* = 1, 2, d; Vfc = 1, 2, (2.34) 

for x G U(p ai ,p), by induction on k. If k = 1 then (2.34) follows from the first inequality in 
(1.7) and the the obvious relation 

i~ { \x\ 2 -\x-7i ? ] = (M 2 -| 7 ^ W 7i I 2 ) 2 = °^ 2ai+ ^ ( 2 ' 35 ) 

where 7i(«) is the ith component of the vector 71 G T(pp a ). Now suppose that (2.34) holds 
for k — s. Using this and (2.8), replacing x | 2 by \ x 2 +F s (x) in (2.35) and evaluating as 
above we obtain 

A< 1 ) = = o(p— ) 

cb^|z| 2 +^- |x- 7l P j (| x | 2 +F S - \ x-yi | 2 ) 2 ^ 

This formula together with the definition (2.10) of Fk give (2.34) f or k = s + l. 
Now denoting A, (7 + t)— | 7 + t | 2 by ri(-f + t) we prove that 

n(x) - n(x) \< 2p? ad J x - x I, Vi. (2.36) 

Clearly r\(x) < ^(2;) < ... < (x) are i/ie eigenvalue of the matrix 

C{x)— \ x \ 2 I = C(x), where C(x) is defined in (2.15). By definition, only the diagonal 
elements of the matrix C(x) = (cij(x)) depend on x and they are 

Cij(x) =| x + a, | 2 - I x \ 2 =2(x,Oi)+ I a, | 2 , (2.37) 

where x = 7 + t, a, = /i, + t — x and hi + t G Bk{"f + t,p\). Using the equality ad = 3 d a ( 
see Definition 1.1) and definition of Bk (7 + t, p\ ) ( see (2.14)), we get 

I a t |< X -p^ k + PlP a < p^ ad 

for k < d. Therefore taking into account that C{x) — C(x ) is a diagonal matrix with diagonal 
entries Cij(x) — Ci_j(x ) = 2(x — x , a,) ( see (2.37)), we have 

|| C(x)-C(x) ||< 2p? ad \ x-x I 

which yields (2.36). 
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3 Bloch Eigenvalues near the Diffraction Planes 

In this section we obtain the asymptotic formulae for the eigenvalues corresponding to the 
quasimomcntum 7 + t lying near the diffraction hypcrplane 

Dg = {x eR d :\x\ 2 =\x + S\ 2 }, 

namely lying in the single resonance domain V s (p ai ) = Vg(p ai )\E2 defined in Definition 
1.1, where S is the element of T of minimal norm in its direction, that is, 5 is the element 
of r such that {(S,u>) : 10 G il} = 2-kJj. In section 2 to obtain the asymptotic formula for 
the eigenvalues corresponding to the quasimomcntum 7 + t lying far from the diffraction 
planes we considered the operator L t (q) as perturbation of the operator L t (0) with q{x). As 
a result the asymptotic formulas for these eigenvalues of L t {q) is expressed in the term of the 
eigenvalues of L t (0). To obtain the asymptotic formulae for the eigenvalues corresponding 
to the quasimomcntum 7 + t lying near the diffraction plane Dg we consider the operator 
Lt(q) as the perturbation of the operator Lt(q s ), where the directional potential q s (x) is 
defined in (1.19), with q(x) — q s (x). Hence it is natural that the asymptotic formulas, which 
will be obtained in this section, will be expressed in the term of the eigenvalues of L t (q s ). 
Therefore first of all we need to investigate the eigenvalues and eigenfunctions of L t (q s ). Let 
fig be the sublattice {h G ft : (h, S) = 0} of ft in hyperplane Hg = {x G M. d : (x, 5) = 0}, and 

Tg = {a E Hg : (a, k) G 2ttZ, Vfc G fig} 

be the dual lattice of fig. Denote by Fg the fundamental domain Hg/Tg of Tg. Then t G F* 
has a unique decomposition 

t = a + r+ I 6 T 2 (t,S)S, (3.1) 

where a G Tg, r G Fg. Define the sets fl and T by fl = {h + IS* : h G £lgj G Z}, and 
by r' = {b+ (p - (2Tr)^ 1 (b,S*))S : b G Tg,p G Z}, where S* is the clement of il satisfying 
(S*,8) = 2tt. 

Lemma 3.1 (a) The following relations hold: = CI , T = F ' . 

(b) The eigenvalues and eigenfunctions of the operator L t (q s ) are 

X j>p (v,T) =\[3 + t\ 2 = ^ +T - x) ^MP-t))(0 

for j G Z, [3 G r,5, where v((3,t) is the fractional part of\ S |~ 2 (t, 5) — (27r) _1 (/3 — a, 5*), t and 
a are uniquely determined from decomposition (3.1) and /j,j(v((3,t)), (Pj,v(/3,t){0 are eigen- 
values and corresponding normalized eigenfunctions of the operator ^^ ^{Q^)) generated 
by the boundary value problem 

-\5\ 2 y"(0 + Q(CMC) - W(0. W(C + 2tt) = e i2 ™y(Q, 

where, ( = (S,x), Q(() — q 5 (x) and for simplicity of the notation, instead ofv([3,t) we write 
v((3) (or v) if t (or t and (3), for which we consider v{[3,t), is unambiguous. 

Proof, (a) For each vector ut of the lattice fl assign h — u> — (27r) _1 (o;, S)S* . Using the 
relations (ui, S) = 2nl G 2-zrZ, and (<5*, <5) = 2n we see that h G SI and (h, S) = ,i.e., h G fig. 
Hence !lc!!. Now for each vector 7 of the lattice T assign b = 7— | 5 |~ 2 (7, S)S. It is not 
hard to verify that b G Hg and (b,uj) — (7,0;) G 27rZ for u G Clg C O. Therefore b G Tg. 
Moreover (6,(5*) = (7, 5*) - 2Tr{j,S) \ S \~ 2 . Since (7, 6*) G 2ttZ, that is, = 2im 

where n G Z, we have (7,<5) | <5 | _2 = n — (2n)^ 1 (b,S*). Therefore we obtain an orthogonal 
decomposition 

7 = b + (7, r^)^ = b + (n (27T)- 1 (6, (3-2) 
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of 7 6 T, where b G T$, and n G Z. Hence T C T . On the other hand if 6 € r,5, h E fl$ and 
n,l£Z, then (/i + Z<5*, & + (n - (2tt)- 1 (6, 5*))5) = (ft, b) + 2iml G 2ttZ. Thus we have the 
relations ( see definition of the sets ft , F ) 

ft c ft',r c r',(o/, 7 ') g 27tZ,Vcj' g ft',v 7 ' g r'. (3.3) 

Since ft is the set of all vectors ui G M. d satisfying (uj,j) G 27rZ for all 7 G T and T is the 
set of all vectors 7 <G R d satisfying (w, 7 ) G 2nZ for all o> G ft the relations in (3.3) imply 
ft' G ft, r' G T and hence = ft', T = r'. 

(b) Since /3 + r is orthogonal to S, turning the coordinate axis so that 5 coincides with 
one of the coordinate axis and taking into account that the Laplace operator is invariant 
under rotation, one can easily verify that 

(-A + q^x))^,^) = \j,^j,p{x) 

Now using the relation (5,w) = 2-kI, wherew G ft, I G Z, and the definitions of (x) , ipj. v (d, x) 
we obtain 

*3,fl{x + w) = e l( P +T - x+ ^ip JtV (6,x + Lu) = ^ jt0 {x)e i ^ +T ^ +iMv ^' t \ 

Replacing r and lo by t — a— | S ~ 2 (t, S)5 and ft + IS*, where ft G ft,?, / G Z, (sec (3.1) and 
the first equality of (a)) respectively, and then using 
(ft, S) — 0, (6*, 5) = 2ir one can easily verify that 

(ft + t,u) = (t, ui) + (ft - a, ft) - 2tt/[| 6 |~ 2 (t, <5) - (2tt)- 1 (/3 - a, <J*)]. 

From this using that (ft — a, ft) G 27rZ, ( since ft — a G r$, ft G O5), and v(/3, i) is a fractional 
part of the expression in the last square bracket, we infer 

$ j ,p(x+u J )=e i ^$ j!0 (x). 

Thus $j i( g(a;) is an eigenfunction of L t (q s (x)). 

Now we prove that the system {$j )( g(a;) : j G Z, /3 G Ts} contains all eigenfunctions of 
L t (q s (x)). Assume the converse. Then there exists a nonzero function f(x) G L 2 (F), which 
is orthogonal to all elements of this system. Using (3.1), (3.2) of and the definition of v(ft, t) 
( see Lemma 3.1(b)), we get 

j + t = ft + r+(j + v)5, (3.4) 

where ft G Tg,r G Fg, j G Z, and v = v(ft,t). Since e l ^ +v ^ can be decomposed by basis 
{<Pj,v(0,t))(O : i e Z } thc nmc tion e^ +t ^ = e i ^+ T ' x h i( - j+v ^ ( see (3 4)) can be decomposed 
by system 

{^(,) = e »^ (At)) (C) :j eZ}. 

Then the assumption (® jt f)(x), f(x)) = for j G Z, ft G Y s implies that (/(a;), e i ^ +t -^) = 
for all 7 G T. This is impossible, since the system {e^ 1+t ' x ^ : 7 G T } is a basis of L 2 (F) ■ 

Remark 3.1 Clearly every vectors x o/R d ftas decompositions: 

x = 7 + i and x = /? + t + ( j + w)<5, w/iere 7 G T, t G F and ft G F5, r G F5, j G Z, 
v G [0,1). VFe say that the first and second decompositions are T and Ts decompositions 
respectively. Writing 7 + t = ft + T + (j + v(ft, t))5 (see (3.4)) we mean the Ts decomposition 
0/7 + t. As it is noted in lemma 3.1 instead of v(ft, t) we write v(ft) (or v) if t (or t and 
ft), for which we consider v(ft,t), is unambiguous. The decompositions (3.4) of 7 + t is 
orthogonal decompositions, since ft G Ts , t 6 Fj, and 5 orthogonal to Ts and F$ . Hence 

7 + t | 2 H ft + r | 2 + I {j + v)5 | 2 . 
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Therefore, one can easily verify that, if-y + tG Vs(p ai ) (see Definition 1.1), then 
\ \ (j + v + 1)5 \ 2 — \ (j + v)S | 2 |< p ai . Using this and cti = 3a, we get 

(j + v)d \<n, \jS\< n , n>2 P a , (3.5) 

where r\ = + | 2(5 | . To the eigenvalue \j + t \ 2 —\ (3 + t | 2 + | (j + v)S | 2 of L t (0) assign 

the eigenvalue \jj](v,r) = | (3 + t | 2 +pj(v) of L t (q s ), where \ (j + v)S | 2 is the eigenvalue 
o/T„(0) and /j,j(v) is the eigenvalue ofT v (Q) ( see Lemma 3.1(b)) satisfying 

fij(v)- | (j + v)6 | 2 |< sup | Q(C) |, Vj G Z. (3.6) 

The eigenvalue \jjj(v,r) of L t (q s ) can be considered as the perturbation of the eigenvalue 
7 + t | 2 = | (3 + t | 2 + | (j + v)S | 2 ofL t (0) by q s (x). Then we see that the influence of q s (x) 
is significant for (3 + r + ( j + v)S G Vs(p ai ), namely for small value of j. 

Now we prove that if [3 + r + (j + v)S 6 V$(p ai ), then there is an eigenvalue Ajv(i) of 
L t (q) which is close to the eigenvalue \j,p(v, r) of L t (q s ), that is, we prove that the influence 
of q{x) — q 5 {x) is not significant if the quasimomentum lies in Vg(p ai )\£ : 2- To prove this 
we consider the operator L t (q) as perturbation of the operator L t (q s ) with q(x) — q s (x) 
and use the formula (1.21) called binding formula for L t (q) and L t {q s ). Recall that wc 
have obtained the asymptotic formulas for the perturbation of the non-resonance eigenvalue 
| 7 + 1 | 2 by iteration the binding formula (1.8) for the unperturbed operator L t (0) and the 
perturbed operator L t (q) ( see section 2). Similarly, now to obtain the asymptotic formulas 
for the perturbation of the resonance eigenvalue we iterate the binding formula (1.21) for 
the unperturbed operator L t {q 5 ) and perturbed operator L t (q). For this ( as in the non- 
resonance case) we decompose (q(x) — q s (x))$j i p(x) by the basis {$ ■' ^ (x) : j 6 Z, (3 G Ts} 
and put this decomposition into (1.21). Let us find this decomposition. Using (3.2) for 
71 G r(/? Q ) and (1.6), we get 

7i = /?i + (ni - (27r)- 1 (/3 1 , <5*))<5, = e i(0i^) e i(n 1 -(2n)- 1 (0 1 ,5')K , 

q(x)-Q(()= J2 c(m,/3i)e l(/3l ' a;) e l( " 1 - (27rrl(/3l ' r))c +0( / 9- pa ), 
(ni,/3i)er'(p«) 

(q(x)-Q(Q)* j , fi {*)= ( 3 - 7 ) 

£ c(n 1 ,/3 1 )^^+^)e i (--( 2 -)- 1 ^' 5 *))^, >(/3) (C)+0(p- pa ), 
(ni,/3i)er'( P «) 

where c(ni,/?i) = q 7l , 

rV) = {(m,^) : (3 1 g r 5 \{o},m 6Z.A + (m - (2 7 r)- 1 (/3 1 ,^))5 g r( P «)}. 

Note that if (ni,/3i) G r' (//*), then | ft + (m - (2 7 r)- 1 ( / 3i, <5*))<5 |< and 

|/?i|</9 a , |(n 1 -(2 7 r)- 1 (/3 1 , ( 5*))(5|<p Q <ir 1 , (3.8) 

since ft is orthogonal to 6 and n > 2p a ( see (3.5)). To decompose the right-hand side of 
(3.7) by basis {$ ■/ ^'(a;)} we use the following lemma 

Lemma 3.2 (a) If j, m satisfy the inequalities \ m |> 2 | j |, | m<5 |> 2r, i/ien 

fe>(0, e i(m+ " K ) = 0(1 m5 I"*" 1 ) = 0(p-( s+1 ) Q ), (3.9) 
(^ ro ,„,e^+^) = 0(|m«5|- s - 1 ). (3.10) 

where r > r x = j2S\ + | 2(5 | ; ^>(C) is the eigenfunctions of the operator T V (Q(Q), and 
Q(C)GWf[0,27r]. 
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Proof, (a). To prove (3.9) we iterate the formula 

(p 3 (v)- | (m + v)S | 2 )(^(C), e 4(m+t,)C ) = (^(C)Q(C),e 4(m+ " )C ), (3.H) 
by using the decomposition 

Q(C)= E * 1 ^ lC + 0(|m5r (s - 1) ) (3.12) 



Note that (3.11), (3.12) is one dimensional case of (1.8), (1.6) and the iteration of (3.11) 

^, and| k \< ^ 



is simpler than the iteration of (1.8) ( see (1.9), (2.5)). If | j |< and| k |< ^ for 



z = l,2, ...fc = [|], then the inequalities 

I m + v - l x - l 2 - ... - l q | - | j |> i | m |, 
| m | - | j + v - h ~ h ~ ■■■ ~ l q |> ^ | m | 
hold for q = 0, 1, fc. Therefore by (3.6), we have 

( | N - \{m-h-l 2 - ... -l q + v)5 I 2 !)- 1 = 0(| mS |" 2 ), (3.13) 
( I Mm- I (j - Ji - Z 2 - - /, + v)S I 2 !)- 1 = 0(| m<5 T 2 ), (3.14) 

for q = 0, 1, /c. Iterating (3.11) fc times, by using (3.13), we get 



\hS\,\l 2 S\,...,\l k+1 S\<^ 



{<p j ,e« m+v K)= Yl q h sq l2 8.-q lk+1 S X (3.15) 

•0(| mS I" 8 " 1 ). 



e i(m-ii-i2-...-ifc + i+w)C) 



n£ =0 (^- | (m-Ji-fe -..•-*,+«)« p) 

Now (3.9) follows from (3.13), (3.15), and (1.7). Formula (3.10) can be proved in the same 
way by using (3.14) instead of (3.13). Note that in (3.9), and (3.10) instead of 0(| mS |~ s_1 ) 
we can write 0(p~( s+1 ' Q ), since | m5 \> r > n > 2p a ( see (3.5)) ■ 

Lemma 3.3 If \ jd \< r and (ni,/3i) £ r' (p a ), then 

^-W-'Cft.OK^^ (3.16) 

= £ a(m,/3i,j, ^j+ji^ + ^O^+^^^oCO+O^-^- 1 )"), 

|ji«|<9r 

where r, T (p a ) are defined in Lemma 3.2(a), (3.7), and 

a{n u j, 0, j + hfi + ft) = (e <(ni - (27r) " 1(/3l ' 5 * )K ^,„ W (C), ^+ji,»(/J+/Ji)(0)- 

Proof. Since e *(™i-( 27r ) 1 C 1,5 *)^<^j ) „(m(^) is equal to its Fourier series with the or- 
thonormal basis {Vj+ji,«(^+0i)(O : Ji e ^} ^ suffices to show that 

E l«K,/3i,J,/3,J+Ji,/3 + /3i) |= 0(p-( s - 1 )«). 

Ji:|ji*|>9r 

For this we prove 

|a(ni,)8i,i,Aj+Ji^ + /3i)|=0(|ji5r s ) (3-17) 
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for all j\ satisfying \ jiS \ >9r and take into account that r > n > p a ( see the last inequality 
in (3.5)). Decomposing <Pj. v (p) over {^O+^K : m e Z} and using the last inequality in (3.8), 
we have _ 

ei („ 1 -(2 T )- 1 (/3 1 ,r))c (/ , j(c) = Y j {i Pj ,e^ m+v ^)e i{ - m+n+ < 0+0 ^, (3.18) 

where neZ and \ nS \ < r. This and the decomposition 

<Pi + iAQ = ^( mjl , e ^^(^))C)e^^))" 

imply that 

a{n u (3i,j,P,3+h,P + Pi) = ^(^■, e ^- n +^)( mjl , e ^(' 3 +' 3 ^^) (3.19) 

mGZ 

where j, ji t n satisfy the conditions! jS \< r, \ jiS |> 9r, \ nS \< r due to the conditions in 
Lemma 3.3, (3.17), (3.18) respectively. Consider two cases: 

Case 1: | mS |> | | jiS |> 3r . In this case using the conditions of (3.19), we get 
(to — n)8 |> 2r and | m — n \>\ j . Therefore (3.9) implies that 

{lfij , e i(rn-n+vK ) = 0{lm§l -s-l^ £ | ^.^-n+v)^ | = (\ j x S \~ S ). 

M>ib'i| 

Case 2: | to |< | | ji | . Again using the conditions of (3.19) we obtain that | ji+j |> 2 | to |. 
Therefore it follows from (3.10) that 

(<p 3+n ,e^ m +^+^)=0(\ ( n + j)5 = o(| jlS | — 

E | {<p j+jl (C), e^+^+^K) |= 0(| j x 5 |" s ). 

I m l<irb'i 

These estimations for these two cases together with (3.19) yield (3.17) ■ 
Now it follows from (3.7) and (3.16) that 

(q(x)-Q(0)<Py^(x)=O(p-n+ E c(m,ft)x 

(n 1 J 1 ,p 1 )eG(p°',9r) 

a(n u fa.,jJJ +h/ +Piy {01+P ' +T - x) ^ +nMf 3' +f 3 l) (O (3.20) 
for all j satisfying j 5 \ < r, where 

G(p a ,9r) = {(n,j,(3) :| jS \< 9r, (n,/?) € T'(p a ),(3 0}. 

In (3.20) the multiplicand e^+P ' +T - X 1(p r = § - +jlJ) > +f3l {x) docs not depend 

on m. Its coefficient is 

AW,?,? +ji,/3' + Pi = E cinufrMnuPuj',?',/ +j h /3' +&). (3.21) 

ni:(m,0i)€r'(p«) 

Lemma 3.4 // 1 /?' |~ p and | /<S |< r, w/iere r > ri = ^S\ + | 2(5 |, then 

(q(x)-Q(0)$ j >,p'(x)= (3.22) 
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where Q(p a ,9r) = {(j,(3) :| jS |< 9r, <\ (3 \< p a }. Moreover, 

]T Ati',0',j' +ji,P' +Pi) |< 09, (3.23) 

0l,/3l)£Q(p",9r) 

w/iere eg does noi depend on (j ,(3). 

Proof. The formula (3.22) follows from (3.20), (3.21). Now we prove (3.23). Since 
c(ni,/?i) = q 7l ( see (3.7)), it follows from the first inequality of (1.7) and (3.21) that we 
need to prove the inequality 

^ | a(m,/?i, /,/?', ^cg^s)" 1 . (3.24) 

For this we use (3.19) and prove the inequalities: 

]T | (^.e''™-"^'*) |<ci , (3.25) 

E i (^•' + i 1 ' e<(m+,,(/Jl+ ^ ))c ) \ <c ^- ( 3 - 26 ) 



Since the distance between numbers | vS | 2 , (1 + v)<5 | 2 ,..., and similarly the distance 
between numbers | (—1 + v)5 | 2 , | (—2 + v)5 | 2 , where v G [0, 1], is not less than C12, it 
follows from (3.6) that the number of elements of the sets 



A = {m :| (m - n + v((3 ))6 | 2 G [ M/ (v((3 )) - 1, M / W )) + 1]}, 

B = {ji : (v(Jh + /?')) G [| (m + w(/?i + | 2 -1, | (m + v)5 | 2 +1]} 



is less than ci 3 . Now in (3.25) and (3.26) isolating the term with m G A and j\ G B 
respectively, applying (3.11) to other terms and then using 



]f A \» j >(v')-\(rn-n + v')5\*\ <Cl4 > 



^ B \^ +jl ^)-\(m + v' 1 )S\^\ <CU 

we get the proof of (3.25) and (3.26). Thus (3.24) and hence (3.23) is proved. Clearly the 
constants Cu, C13, C12, Cn, C10 can be chosen independently on (j , (3 ). Therefore eg does not 
depend on (j , (3 ) ■ 

Replacing (j,(3) by (j ,(3) in (1.21) and using (3.22), we get 

{An - \j> p>)b(N,j' , ft) = (* N (x), (q(x) - Q(0)$ r ^(x)) = 0(p- pa ) 

+ ]T AtfJj'+jrf'+PMNj+jiJ+fa) (3.27) 

0"l,/3l)eQ(p°,9r) 

for I p' |~ p and | /<5 |< r, where b{N,j,(3) = (^ N (x), &j t p(x)). Note that if | j' 6 |< r, then 
the summation in (3.27) is taken over Q(p a , 9r). Therefore if | j<5 |< n, where is defined in 
(3.5), then we have the formula 



running head 



24 



+ M3,0,3+3i,0 + 0i)b(N,j+3i,0 + 0i)- (3-28) 

Ui,l3i)eQ(p",9r 1 ) 

Thus (3.28) is obtained from (3.27) by interchanging j ,f3,r, and j,f3,r\. Now to find the 
eigenvalue Ajv(i), which is close to Xj : p , where | jS \< r\, we are going to iterate (3.28) as 
follows. Since | j5 \< n and (ji,0i) E Q(p a ,9n), we have | (j + ji)5 |< 10n. Therefore 
in (3.27) interchanging j ,(3 ,r, and j + j\fi + (3i, 10ri and then introducing the notations 
ri = 10n, j 2 = j + ji + j2, 2 = + 0i + 02, we obtain 

(A N - X j+ju01+p )b(N, j + 3i,0 + 0i) = 0(p~n+ 



]T b(N,3 2 1 p 2 )A( J +3i,0 + 0i,3 2 ,0 2 )- (3-29) 

(j2,02)eQ(p a ,9r 2 ) 

Clearly, there exist an eigenvalue Ajv(i) satisfying | Xj t p — Ajv(t) |< 2M, where 

M = sup | g(x) | . Moreover, in the next lemma (Lemma 3.5 ), we will prove that if 
\0\~P, and (j!,/3i) G Q(p a ,9n), then 

I hp - h+hM l> \p a2 , I Aiv(t) - X j+jlM |> (3.30) 
Therefore dividing both side of (3.29) by A^v — Xj + j 1 ^ + p 11 we get 

+ 31,01 +0)= E A ^^Y^ )b{N ^ 2) + 

(3.31) 

Putting the obtained formula for b(N,j + (3) into (3.28), we obtain 

(A N - X^)b{N,j,(3) = 0(p~n + (3.32) 

y Ajj, 0,3 + hfi + 0i)A( 3 +3i,0 + 0i, 3 2 , 2 )b(N, 3 2 ,0 2 ) 
UufrWM A N -X j+jM 

0'2,/32)eQ(p Q ,9r 2 ) 

Thus we got the one time iteration of (3.28). It will give the first term of asymptotic formula 
for An. For this we find the index N such that b(N,j,f3) is not very small (see Lemma 3.6) 
and (3.30) is satisfied, i.e., the denominator of the fraction in (3.32) is a big number. Then 
dividing both sides of (3.32) by b(N,j,[3), we get the asymptotic formula for Ajv(t) (see 
Theorem 3.1). 

Lemma 3.5 Let 7 + t = (3 + t + (j + v)5 S Vg(p ai ) = V s (p ai )\E 2 (see (3.4), Remark 3.1 
and Definition 1.1), and (ji,0i) E Q(p a ,9ri), (jk,0k) E Q(p a ,9r k ), where n is defined in 
(3.5) and r k = 10r fe _i for k = 2,3, ...,p- 1. Then 

\jS\=0{p ai ), \j k 5\=0(p ai ), \p k \<p a ,Vk=l,2,...,p-l (3.33) 

Moreover if \ 38 |< \p^ , \ [3* - [3 \< (p - l)p a , /?' E r tf , j k = 3 + 3i + - + 3k, 
(3 k = f3 + f3 1 + ... + (3 k , where k = 1,2, - 1, i/ien 

I Kp-\',f? \> \p a2 > W'tP, (3-34) 
I Aj i( g(w,T) - Ajfe^fe |> b -p a \ V/3 fe # /3. (3.35) 
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Proof. The relations in (3.33) follows from (3.5) and the definitions of r\,rk, Q(p a ,9rk) 
(see Lemma 3.4). Inequality (3.35) follows from (3.34) and (3.33). It remains to prove 
(3.34). Since 

I A^-Ay^ |>||/3'+r| 2 -|/3 + r| 2 |-|^-M/ I, (3.36) 
it is enough to prove the following two inequalities | fij — |< \p a2 , 

||/3 + t| 2 -|/?'+t| 2 |>^. (3 . 37) 

The first inequality follows from | j S |< ^p? a2 ,\ jS \= 0(p ai ) ( see the conditions of 
this lemma and (3.33)) and (3.6), since a 2 = 3a\. Now we prove (3.37). The conditions 
|/3 — (3 \< (p — l)p a , | S \< p a imply that there exist neZ and 7 e T such that 

7' =P'-0+ (n + (2n)- 1 (p' - [3, S*))S G T( PP a ). (3.38) 

Since /?' - (3 ^ ( see (3.34)) and - /3 G T s , that is , (/?' -/?,£) = the relation (3.38) 
imply that 7 e T(pp a )\SR. This together with the condition 

7 + i = /? + r + (j + v)8 G ^(p ai )\£ 2 

( see assumption of the lemma and the definition of -E2 in Definition 1.1) gives 

7 + t £ V 7 >(p a2 ), that is, || 7 + t | 2 - I 7 + t + 7' | 2 |> p" 2 . From this using the 

orthogonal decompositions (3.4) and (3.38) of 7 + t and 7 respectively, taking into account 
that P,t, (3 are orthogonal to S and then using the relations | jS \— 0(p ai ) (see (3.33)), 
n + (2tt)~ 1 ((3 — (3,S*))6 |= 0(p a ) ( see the inclusion in the orthogonal decompositions 
(3.38) of 7 ) and a 2 > 2a ( sec Definition 1.1), we obtain (3.37) ■ 

Lemma 3.6 Suppose h\(x), h 2 (x), h m (x) G L 2 (F), where m = pi — 1, pi = [|] + 1. XTien 
/or every eigenvalue Xj t p ~ p 2 0/ £/ie operator L t (q s ) there exists an eigenvalue Ajy(i) and a 
corresponding normalized eigenfunction *5>N,t(x) of the operator Lt(q) such that: 

(i) I Aj,/3 - Ajv(i) |< 2M, w/iere M = sup q(x) |, 

(m) I b(N,j,(3) \>c lb p- 1 2(d-D i 

m 

(Hi) I b(N,j,(3) | 2 > ^y I pN.jfyi) l 2 > ^ I (*^iftr) I 2 ' 
i=l 

Proof. Let A, B, C be the set of indexes N satisfying (i), (ii), (Hi) respectively. Using 
(1.21), the Bessel inequality, and the Parseval equality, we get 

y 1 b(N j i3) i 2 = y 1 ^ N W'M x )-Q&))*jA x )) | 2< 

(2M)^\\ q (x)-Q(0)^, fJ (x))\\ 2 < 1 -, y \ b(N,j,(3) | 2 >| 

NeA 

On the other hand the inequality | A < ci 6 p( d_1 ' ( see (1.37a)) and the definition of B 
imply that if c 2 5 < then 

y |6(7V,j,/3)| 2 <i 

NeA\B 

Therefore using the relation A = (A\B) U (AnB), we obtain 

y \b(N,j,P)\>>\. 
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Now to prove the lemma we show that there exists N € A n B satisfying (Hi). Assume that 
the assertion (Hi) does not hold for all N 6 A(1B . Using the last inequality, the assumption 
that (Hi) does not holds for N e A n B , and then the Bessel inequality, we get 



i 1 171 _ /i 

i< £ | W ,ffl|*<^£ E | ( *„,_|i_>| 5 

weAns i=i TVeA 

_ ii 

fn 1 1 fti 



2m 

i=i " " 

This contradiction complete the proof of the lemma ■ 

Theorem 3.1 For every eigenvalue Xj^(v,r) of L t (q s ) such that 

(i+T+(j+v)5 G V s (p ai ) there exists an eigenvalue Km ofL t (q), denoted by Ajv(Aj il a(u, r)), 
satisfying 

A N (X j!0 (v,T)) = X,j j (v,T)+0(p- a2 ). (3.39) 
Proof. In the proof of this theorem we use the inequalities 

Pia 2 > pa, pa - ^(d - 1) > Q!2 (3.40) 

which follows from the definitions of p, a, a<i and p 2 given in (1.6), Definition 1.1, and (2.5). 
By Lemma 3.6 there is an eigenvalue Ajv(i) satisfying (i)-(iii) for 



A(j,f3,3\^)A(j\(3\f,^ P ^(x) 



hi(x)= V 

0'2,/32)eQ(p a ,9r 2 ) 

where i = 1,2, ...,m; m = pi — 1 and Q(p a ,9r) is defined in Lemma 3.4. By definition of 
Q(/9 a ,9ri) we have f3\ ^ 0. Therefore the inequality (3.34) and assertion (i) of lemma 3.6 
yield (3.30). Hence, in brief notations a = z = Xj + j ly p + p 17 we have | An — a < 2M, 
\ z — a |> |/0 Q2 . Using the relations 



1 ^ {An o) i-i - (Ajv _ a) 



i-l 



A N -z 4i (z-af ~ f-f (*-a)* ^ j 

and the first inequality of (3.40), we see that formula (3.32) can be written as 

m h 
(A N - Xj,p)b(N,j,[3, ) = J2(A N - ay-'^N, p^) II ^ II +0(p- pQ ). 

Dividing both sides by b(N,j,[3), using assertions (ii), (m) of Lemma 3.6, and the second 
inequality of (3.40), we get 

m 

(A N - X ji0 ) \< (2m) * 2 | Aat - a f' 1 ]] h t \\ +0(p- a >) 
»=i 

On the other hand the inequalities (3.23) and (3.35) imply that || hi \\— 0(p~ a2 ). These 
relations and the above inequality | An — a |< 2M, yield the proof of the theorem ■ 

Thus we iterated (3.28) one time and got (3.32) from which the formula (3.39) is obtained. 
Now to obtain the asymptotic formulas of the arbitrary order we repeat this iteration 2p\ 
times. For this we need to estimate the distance of Xj t p(v,r) and Ay p(v,r) for j ^ j, 
namely we use the following lemma. 
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Lemma 3.7 There exists a positive function e(p) such that e(p) — > as p — > oo and the 
set A(e{p)) = (s(p), \ — e{p)) U + s(p), 1 — * s a subset of 

W(p) = {ve (0,1) :| HW-Hfiv) |> r^-,V/,j e Z,jV J}- 

J In/) 

!/«(/?) e tfien 

\ j , f3 (v,T)-\ j , i0 (v,T) |> 2(lnp)- 1 , V/ ^ j. (3.41) 
Proof. Denote by pi(v), p 2 (i>), the eigenvalues of T V (Q(()) numbered in nondecreas- 

ing order: pi(v) < p 2 (v) < ....It is well-known that the spectrum of Hill's operator T(Q(()) 
consists of the intervals 

A 2 j-1 = [/X 2 j-l(0),M2j-l(^)], A 2j - = [^2j(^),M2j(l)] 

for j = 1,2, .... The length of the jth interval Aj of the spectrum tends to infinity as j 
tends to infinity. The distance between neighboring intervals, that is the length of gaps 
in spectrum, tends to zero. The eigenvalues p,2j-i(v) and p2j(v) are increasing continuous 
functions in the intervals (0, 5 ) and (|, 1) respectively and Pj(l + v) = p.j(v) = — v). 
Since (Inp) -1 — > as p — ► oo, the length of the interval Aj is sufficiently greater than 
(In p) -1 for p ^> 1 and there are numbers £j(p),Sj (p) in (0, 5) such that 

M2j-i(e 2 j-i(p)) = M2j-i(0) + (In/?) -1 , 

/22j-i(| - z'iiP)) = - (hip)" 1 , (3.42) 

1 / 1 

M2j(2 +Z2j{p)) = ^(g) + (^p)" 1 , 

M2j(l - £j- (p)) = M2j(l) - (hip) -1 . 

Denote e (p) = supjSj(p), e (p) = sup^ e - (p) , e(p) = max{e (p), e (p)}. To prove that 
e(p) — > as p — > 00 we show that both e (p) and £ (p) tend to zero as p — > 00. If pi < p 2 
then £j(p 2 ) < Ej(pi), e (p 2 ) < e (pi), since p2j-i(v) and p 2 j(i>) are increasing functions in 
intervals (0, 5) and (5, 1) respectively. Hence e (p) — > a G [0, 5] as p — > 00. Suppose that 
a > 0. Then there is sequence pfe — > 00 as fc — > 00 such that £ (pfe) > | for all k. This implies 
that there is a sequence {i^} and without loss of generality it can be assumed that there 
is a sequence {2jk — 1} of odd numbers such that £ 2j - fc _i(pfc) > § for all k. Since ju 2 j_i(u) 
increases in (0, |) and P2j k -i(£ 23k -i(Pk)) - Jhj k -i(0) = (lnp fe ) _1 we have 

I A*2j*-i(|) - M2 Jfc -i(0) |< (lnpfc)" 1 -» 

as k — > 00, which contradicts the well-known asymptotic formulas for eigenvalues Pj(v), for 
v = and v = | , where a G (0, |]. Thus we proved that e (p) — > as p — > 00. In the same 
way we prove this for £ (p), and hence for e(p). Now suppose w G A(e(p)). Using (3.42), the 
definition of e(p), and taking into account that p 2j _i(w) and p,2j(v) increase in (0, |) and 
(|, 1) respectively, we obtain that the eigenvalues Jii(v), p 2 (v), are in intervals 

[M2,_i(0) + (mp)" 1 ,^^) - (lnp)- 1 ], [p 2j (l) + (hp)" 1 , - (hip)" 1 ] 
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for j = 1,2,..., and in each interval there exists a unique eigenvalue of T v . Therefore the 
distance between eigenvalues of T v for v e A{e(p)) is not less than the distance between 
these intervals, which is not less than 2{\np)~ 1 . Hence the inequality in the definition of 
W(p) holds, i.e., A(e(p)) C W(p). Inequality (3.41) follows from the definition of W(p) m 
It follow from formulas (3.35), (3.41) and (3.39) that 

I Ajv(Aj il g) - \jk t pk(v,T) \>c([3 k ,p),Vv((3)eW(p), (3.43) 

where (j k ,Pk) G Q{fi a , 9r fe ), fc = 1,2, ...,f>- 1; c(f3 k ,p) = (In/?)- 1 when (3 k = (3, j k ^ j and 
c(/3 fe , p) = \p a2 when (3 k ^ f3. Now to obtain the asymptotic formulas of the arbitrary order 
for Ajv(i) we iterate the formula (3.28) 2pi times, by using (3.43), as follows. Since | j5 \< r x 
( see (3.5)), G Q(jf,9n), (j 2 ,/3 2 ) G Q(p a ,9r 2 ) (see (3.32)) and j 2 = j + h + j 2 (see 

(3.29) for this notation), we have | j 2 S |< 10r 2 . Therefore in (3.27) interchanging j , (3 , r, 
and j 2 , /3 2 , 10r 2 and using the notations r 3 = 10r 2 , j 3 = j 2 + j 3 , /3 3 = (3 2 + (3 3 ( see Lemma 
3.5), we obtain 

(a n - x j2 ^)b(N,j 2 ,p 2 ) = o(p-n+ 

b(N,j 3 ,(3 3 )A(j 2 ,f3 2 ,j 3 ,(3 3 ). (3.44) 

0" 3 ,/33)eQ(p°,9r 3 ) 

Dividing both side of (3.44) by Ajv — Aj2 i/3 2 and using (3.43), we get 

6(iV,j 2 , / 3 2 ) = 0(p-P«( c (/3 2 ,p))- 1 )+ 

\^ b(N,j 3 ,(3 3 )A(j 2 ,(3 2 ,f,p 3 ) 

Aw — A-,-2 [32 

03,/3 3 )£Q(p°,9r 3 ) N 3 ' P 

for (j 2 , f3 2 ) ^ (j, (3). In the same way we obtain 

b(N,j k ,(3 k ) = O(p-" a (c(0 k ,p))- 1 )+ 



y b{N,3 k +\p k +^A{ 3 k ,p k ,j k +\p k + l ) 

for (j k ,/3 k ) 7^ (j, /3), fc = 3,4, .... Now we isolate the terms in the right-hand side of (3.32) 
with multiplicand b(N,j,/3) , i.e., the case (j 2 ,/? 2 ) = (j,/3), and replace b{N,j 2 ,(3 2 ) in (3.32) 
by the right-hand side of (3.45) when (j 2 ,/3 2 ) ^ (j,/3) and use (3.30), (3.43) to get 

(A* - A^)6(AT, j, /J) = ]T WA3\PW>P>i>® m j, (3) + (3.47) 
x ^ A{j,(3,j\p)A(j]p\f,p 2 )A{f,(3 2 ,j 3 ,p 3 )b{N,j 3 ,(3 3 ) 

where the last summation is taken under conditions (j 2 , [3 2 ) ^ (j, (3) and (ji,(3i) £ Q(p a , 9rj), 
for « = 1,2,3. The formula (3.47) is the two times iteration of (3.28). Again isolating the 
terms with multiplicand b(N,j,(3) (i.e., the case (j 3 ,/3 3 ) = (j, (3)) and replacing b(N,j 3 ,(3 3 ) 
by the right-hand side of (3.46) (for fc = 3) when {j 3 ,(3 3 ) ^ (j, (3), we obtain 

(A w - \ jt p)b(N,j,0) = (S[ (Ajv, Aj^) + ^(Ajy, Xj^))b(N,j, (3) + C 3 + 0(p- pQ ), (3.48) 
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where S[(A N , X M ,) = £ Mj\P\j,P) A{jAj ^ p ^ 

(jiA)eQ(p a ,9ri) ^ _ ^J+ii.^+ft 

S 2 {A N ,X jiP ) = T\ x VA \ \ A \3,P,3,P)- 

)eQ(p",9r 2 ),0- 2 ,/3 2 ) 

and the summation for C 3 are taken under the conditions <E Q{p a 1 9r i ) 1 for 

i = 1,2,3,4 and (j\ (3 l ) ^ (j,/3) for i = 2,3. The formula (3.48) is the three times 
iteration of (3.28). Repeating these process 2pi times, i.e., in (3.47) isolating the terms 
with multiplicand b(N,j,fl) (i.e., the case (j 4 ,/3 4 ) = {3,(3)) and replacing b(N,j 4 ,/3 4 ) by the 
right-hand side of (3.46) (for k = 4) when (j 4 ,(3 4 ) ^ (j, (3) etc., we obtain 

(A N - Xj, )b(N,j,P) = A^An, X j}0 )b(N,j,p) + d 2pi -i + 0(p- pa ), (3-49) 

where A n (Ajy, Xj t p) — Y^kLi ^(^jv, A j,p), Si, S 2 are defined in (3.48) and 

i=2 ( Aw ~ i i ,P i > An - X 3+h,0+0i 

c ' k = Y,(U A{ V^ ,f, Ph AU i' — ^(j fc ,/3 fc ,/ +1 ^ fc+1 m/ +1 ,/? fc+1 ) 

i=2 ( Ajv ~ "V-/^ A iV - Aj +Jll/ 9 +/3l 

for fc > 2. Here the summations for S^, and C fe are taken under the conditions 

tii,Pi) G 0(p",9r 4 ), ^ {j,(3), for i = 1,2,..., ft- 1 and for % = 1, 2, fc respec- 

tively. Besides by definition of Q{p a 1 9r i ) we have /3fc 7^ for k — 1,2, .... Therefore [3 1 7^ /3 
and the equality j3 l — [3 implies that (3 l±1 7^ /?. Hence the number of the multiplicands 
Am — Xji_fji in the denominators of S k and C 2pi _i satisfying 

I A N (Xj jl3 ) - Xji^i \>\p^ 

( see (3.43)) is not less than | and pi respectively. Now using (3.23) and the first inequality 
of (3.40), we obtain 

C' 2pi _i = 0((p- a nnpD=0(p-n, S'i(A N ,X j!0 ) = O(p- a % (3.50) 
S' 2k _i{A N ,X^) = 0{{p-^ \np) k ),s' 2k (A N ,X^)^0((p-^ lnpf). 

To prove this estimation we used (3.43). Moreover, if a real number a satisfies 
I a — Xjjj |< (hip) -1 then, by (3.35), (3.37) we have 

a - Xjk^ k (v,T) |> c(l3 k ,p). 

Therefore using this instead of (3.43) and repeating the proof of (3.50) we obtain 

S[(a, Xjjj) = 0(p- Q2 ), S 2k _i(a, X^) = 0(p-°" \np) k ), S 2k (a,X^) = 0<jT a * \np) k ). 

(3.51) 
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Theorem 3.2 For every eigenvalue Aj il g(w,r) of the operator L t (q s ) such that 

[3 + r + (J + v)6 G V s (p ai ), v{j3) G W^(p) there exists an eigenvalue An, denoted by 
A-N(^j,p{v,T)), of L t (q) satisfying the formulas 

A N (\j, (v,T)) = \ 3 Av,T)+E k - 1 (\ J ,p) + 0(p- ka H\np) 2k ), (3.52) 

where E = 0, E s = A s (X jt0 + E s _ 1 ,\ j . j3 ) for s = 1, 2, 

E k -i(Xj,p) -0(p- a2 (lnp)) (3.53) 

/or fc = 1, 2, — \u{d — 1)], and A s is defined in (3.49). 

Proof. The proof of this Theorem is similar to the proof of Theorem 2.1(a). By Theorem 
3.1 formula (3.52) for the case k = 1 is proved and E = 0. Hence (3.53) for k = 1 is 
also proved. The proof of (3.53), for arbitrary k, follows from (3.51) and the definition 
of E s by induction. Now we prove (3.52) by induction. Assume that (3.52) is true for 
k = s < [\(p - \x{d - 1)] ,i.e., 

A N = \j t p + E s ^ + 0(p- sa2 (lnp) 2s )). 

Putting this expression for An into A Pi _ 1 {An dividing both sides of (3.49) by 

b(N,j,[3), taking into account that A'^^An, X hP ) = A' S (A N , A Ji(3 )+0(p-( s+1 ) Q2 (lnp)( s+1 )) 
( see definition of A s and (3.51)), using (3.50), (3.51), assertion (ii) of Lemma 3.6 and the 
equality ct2 = 9a, we get 



A N = \j,0 + A^-i(*j,p + E s -i + 0{ 



= Xj,f3 + A s (\jjj + E s _i,\j^) + 0( i o _ * s+1 ^ Q:2 (lnp) 2 ^ +1 ')) + 0(p^^> ( ' p ^^ T( - d ^ 1 ^ a2 ) 
{A s {\ 3 . fj + E s _ t + 0(p- sa * (lnp) 2s ), A' s (\j, + E s _ u \ j>f3 )}. 

To prove (3.52) for k = s + 1 we need to show that the expression in the curly brackets 
is equal to O(( ( o _ ( s+1 )" 2 (lnp) 2s+1 ). This can be checked by using the estimations (3.24), 
(3.53), (3.35), (3.37) and the obvious relation 



1 ( i i) 



nr=i(^,/3 + Es-i - <V,/3*) 1 + 0(p-* a 2 (hip) 2 * Inp) 
= 0{p- (s+1)a2 (lnp) 2is+1 ^ 

for n = 1,2, 2pi m 

Remark 3.2 Here we note some properties of the known parts \jjj + Ek (see (3.52)), where 
= pj(v)+ | [3 + t 1 2 ( see Lemma 3.1), of the eigenvalues of L t (q). We prove that 



d{E k (p 3 (v)+\(3 + r\ 2 )) 



0{p- 2a2+a lnp) (3.54) 



for i = 1,2, ...,d - 1, where r = (ti,t 2 , ...,T d -i),k < [\{p - \r{d - I)], and v((3) G W{p). 
To prove (3.54) f or k = 1 we evaluate the derivatives of 

H(P\j k ,r,v) = (p 3 (v)+ \ P + t\ 2 -Hjh(v)- I I3 k +t\ 2 )- 1 . 
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Since fJ,j(v), and fij>(v) do not depend on n, the function H((3 k ,j k ,t,v) for f3 k — (3 do 
not depend on 7*. Besides it follows from the definition of W(p) ( see Lemma 3.7) that 
H((3,j k ,T,v) = O(lnp). For (3 k ^ [3 using (3.35), and equality 

\(3 k -(3\=\(3 1 +(3 2 ... + (3 i \=0( P a ) 

(see last inequality in (3.33)), we obtain that the derivatives of H(f3 k , j k ,t,v) is equal to 
0(p- 2a2+a ). Therefore using (3.23) and the definition o/ £d(A Ji/3 ) (see (3.52) and (349)), 
by direct calculation, we get (3.54) f or k = 1. Now suppose that (3.54) holds for k = s — 1. 
Using this, replacing pj + | (3 + t 2 by pj + | (3 + t | 2 +E s _x in H(f3 k ,j k ,T,v), arguing as 
above we get (3.54) f or k — s. 

4 Asymptotic Formulas for the Bloch Functions 

In this section using the asymptotic formulas for the eigenvalues and the simplicity con- 
ditions (1.28), (1.29), we obtain the asymptotic formulas for the Bloch functions with a 
quasimomentum of the simple set B defined in Definition 1.2. 

Theorem 4.1 Ifj + teB, then there exists a unique eigenvalue Ajv(t) satisfying (1.14) 
for k — 1,2, [|], where p is defined in (1.6). This eigenvalue is a simple eigenvalue of 
L t (q) and the corresponding eigenfunction &N it (x), denoted by ^ 1+t (x), satisfies (1.32) if 
q(x) e W 2 So (F), where s is defined in (1.2). 

Proof. By Theorem 2.1(b) if 7 + t G B c U(p ai ,p), then there exists an eigenvalue 
Ajv(i) satisfying (1.14) for k = 1,2, [|(f>— \x(d— 1))] and by the first inequality of (1.40) 
formula (1.14) holds for k = k\. Therefore using (1.14) for k = k\, the relation 3fcia > d+2a 
( see the second inequality of (1.40)), and the notations of (1.26), we obtain that the 
eigenvalue Ajv(f) satisfies the asymptotic formula (1.27). Let ^N.t( x ) be any normalized 
eigenfunction corresponding to Ajv(t). Since the normalized eigenfunction is defined up to 
constant of modulus 1, without loss of generality it can assumed that arg6(iV, 7) = 0, where 
b(N,j) = {^ N A x )^ i(j+t ' x) ). Therefore to prove (1.32) it suffices to show that (1.31) holds. 
To prove (1.31) we estimate the following summations 

J2 I KNri) | 2 , J2 \ b (N,i')\ 2 (4.1) 

Y<£K l'eK\{f} 

separately, where K is defined by (1.30). Using (1.27) and (1.30), we get 

\K N {t)-\i +t\ 2 \>\p a \ W <£K, (4.2) 

\K N {t)-\ 1 ' +t\ 2 \<\p a \ V 7 ' eK. (4.3) 
It follows from (1.8) and (4.2) that 

]T I b(N,j') | 2 =|| q* N , t |l 2 0(p- 2 ^) = 0(p- 2 ^). (4.4) 

i'iK 

Now let us estimate the second summation in (4.1). For this, we prove that the simplicity 
conditions (1.28), (1.29) imply 



\b(N, 7 ') \<c 5 p- ca , V 7 ' G K\{>y}, 



(4.5) 
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where c = p — dx— jd3 d — 3. The conditions 7 G if, 7 + t G B ( sec (1.30) and the Definition 
1.2), the notation (1.26) and the equality (2.8) yield the inclusion 7 + t G i?(§p)\i?(|p). 
By (2.33) there are two cases. 

Case 1: 7' +t € U(p ai ,p). Case 2: 7' +i e (^ s \£' s+ i), where s = 1,2, To prove 

(4.5) in Case 1 and Case 2, we suppose that (4.5) does not hold, use Theorem 2.1(a) and 
Theorem 2.2(a) respectively to get a contradiction. 

Case 1. If the inequality in (4.5) is not true, then by (4.3) the conditions of Theorem 
2.1(a) hold and hence we have 

Ajv(i) =| 7' + t | 2 +^-1(7' + *) + 0(p- aka ) (4.6) 

for k < [|(p — c)] = [\(dx + \d3 d + 3)]. On the other hand it follows from the definitions 
h = + 2 ( sec (1.26)), a = ± ( sec (1.6)) of ki and a that 

ki < ^dx + 2 < ^(dx + ^d3 d + 3), 

that is, formula (4.6) holds for k — k\. Therefore arguing as in the prove of (1.27) ( see the 
beginning of the proof of this theorem), we get 

K N (t)-F(j +t) = o(ei). 

This with (1.27) contradicts (1.28). Thus (4.5) in Case 1 is proved. Similarly, if the 
inequality in (4.5) does not hold in Case 2 ,that is, for 7 + 1 € (E s \E s+ i) and 7 G K, then 
by (4.3) the conditions of Theorem 2.2(a) hold and 

A N (t) = Xj (7' + 1) + 0(p-^- c -* d3 >), (4.7) 
where (p — c — jd3 d )a = {dx + 3)a > d + 2a . Hence we have 

A N {t)- A j ( 7 ' +t) =o(ei). 

This with (1.27) contradicts (1.29). Thus the inequality in (4.5) holds. Therefore, using 
K |= O^- 1 ) (see (1.37)), xa = 1 ( see (1.6)), we get 

I KN, 7') | 2 = 0( p -(2c— = 0(p -(2 J) -(3d-l)^-id3< 1 -6)a- ) _ (4 g) 

7 'ex\{ 7 } 

If s = so, that is, p = sq — d, then 2p — (3d — l)x — \d3 d — 6 = 6. Since ct\ = 3a, the 
equalities (4.4) and (4.8) imply (1.31). Thus we proved that the equality (1-32) holds for 
any normalized cigenfunction ^N,t{x) corresponding to any eigenvalue Ajv(i) satisfying 
(1.14). If there exist two different eigenvalues or multiple eigenvalue satisfying (1.14), then 
there exist two orthogonal normalized cigenfunctions satisfying (1.32), which is impossible. 
Therefore Km it) is a simple eigenvalue. It follows from Theorem 2.1(a) that Km it) satisfies 
(1.14) for fc = 1, 2, [§], since (1.32) holds and hence (1.16) holds for c = ■ 

Remark 4.1 Since for 7 + t G B there exists a unique eigenvalue satisfying (1.14), 
(1.27), we denote this eigenvalue by A(7 + t). Since this eigenvalue is simple, we denote 
the corresponding cigenfunction by *$> 1+t (x). By Theorem 4-1 this eigenfunction satisfies 
(1.32). Clearly, for 7 + t G B there exists a unique index N = N(j + t) such that 
A(7 + t) = Ajv( 7+t )(i) and * 7+t (x) = ty N ( 1+ t),ti x )- 

Now we prove the asymptotic formulas of arbitrary order for ^/ 1+t (x). 
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Theorem 4.2 If-y + tGB, then the eigenfunction *I> 7+t (x) = ^N,t(x) corresponding to the 
eigenvalue A(-y + t) = A N (t) satisfies formulas (1.33), for k = 1, 2, n, where 
n = [\(2p - (3d - \)x - \d3 d - 6)], 

n o»(7+*+7l|!E) 

P* - p i(7+t.a0 F* - ^(7+M) _(_ \" fc 

(7 + t) = (1+ || F fe \\)-\e^ +t ^ + F k (l + *)), 

F k is obtained from F k by replacing q 71 with e l (7-7i+*^) j ant i p k j s defined by (2.10). 

Proof. By Theorem 4.1, formula (1.33) for k = 1 is proved. To prove formula (1.33) for 
2 < k < n, first we prove the following equivalent relations 

\b(N, 1 + 7 ')\ 2 =0(p- 2k ^), (4.9) 

7 'er<=(fe-i) 

* Nit (x) = K^,7)e i(7+ '' x) + &W7 + 7> i(7+t+7 ' ,x) +^W, (4-10) 

7 ' e r(*=V) 

where T c (fc - 1) = T\(T(^-p a ) U {0}) and || H k ||= 0(p- feQl ). The case fc = 1 is proved 
due to (1.31). Assume that (4.9) is true for k = m < n . Then using (4.10) for k = m, and 
the obvious decomposition 

q (x)= J2 q^^ + o{ P -n 

7ier(i P °) 

(see (1.6)), we have ^ N,t(x)q(x) = H(x) + 0(p~ mai ), where H(x) is a linear combination 
of e i(i+t+i',x) for y £ r{fp a ) U {0}. Hence {H(x), e *(7+«+7',*)) = for 7 ' e T c (m). Thus, 
using (1.8), (4.2), and Bessel's inequality, we get 

£ | 6(^,7 + 7) | 2 = 

7 / :7 / Gr c (m), 

v (H(x)+Q(p— i), e 'fr+*+V,*)) 

' ',r^ + '« Aiv-17 + 7+tl 2 ' 1 j 

7 : 7 £1 {m), 7 + 7 ^il 

I L |2_ (QC -2(m+l)aiN 

, ' Ajv- |7 + 7'+M 2 ' lP J ' 

7 : 7 er c (ro), 7 + 7 £if 

On the other hand, using ct\ — 3a, (4.8), and the definition of n, we obtain 

£ I &(^7 + 7) | 2 < E \b(N, 1 ')\ 2 =0(p- 2n ^). 

7 ': 7 'er c (m), 7 + 7 'eAT 7'6-R"\{7> 

This with (4.11) implies (4.9) and hence (4.10) for k = m + 1. It follows from (4.9) that 

|| E 6(^, 7 + 7 y^+ t+ ^ ||=0(p- feQl ) 

7 ' € (r( P <»)\r(*=V)) 

Therefore the formula (4.10) for k < n can be written in the form 

^i-H^7y (l+t,lL ^= E K^7-7i)e i(7 - 7l+t ' x) , (4.12) 

7ier( P °) 
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where || H k ||= 0(p kai ). It is clear that the right-hand side of (4.12) can be obtained from 
the right-hand side of the equality 

(A N - | 7 + t \ 2 )b(N, 1 ) + 0(p-n= E 971&W7-71), 

7ier(p«) 

which is (1.9), by replacing g 7l with e l (7-7i+M)^ Therefore in (4.12) doing the iteration 
which was done in order to obtain (2.5) from (1.9), we get 

* N ,t(x) - b(N, 7 ) e ^+''*) - H k (x) = I fe _i(A w , 7 + t)b(N, j) + C k + 0{p- pa ), (4.13) 

where Afc(Ajv,7 + t) and Cfc is obtained from Afc(Ajv,7 + t) and Cfc by replacing g 7l with 
e «(7-7i+M) respectively and the term 0(p~ pa ) in the right-hand side of (4.13) is a function 
whose norm is 0(p~ pa ). It follows from the definitions of the functions F k , A k , C k that the 
estimations similar to the estimations of F k , A k , C k holds for these functions and the proof 
of these estimations are the same. Namely, repeating the proof of (2.6), (2.8) we see that 

\\Ak-! \\=0(p-^), \\C k \\=0(p- k ^), \\F k -i(l + t)\\=0(p-^). (4.14) 
Now using the equalities 

b(N,j) = 1 + 0( P - 2Q1 ), (4.15) 

A k ^(A N , 7 + 1) = i fe _ 1 ( J F fe _ 2 ( 7 + 1), 7 + 1) + 0(p- kai ) 
= F k -i{l + t) + 0{p- ka -) 

( see (1.31a), (1.14), (2.12) and the definition oiF k ) , dividing both side of (4.13) by b(N,j), 
we get 

^±-^Hf N>t (x) = e^*) + F fe _r(7 +t)+ (4.16) 

0(p- kai ) + ^±-^{H k (x) +C k + O(p-n)- 

Moreover the relations || H k \\= 0(p- kai ) ( see (4.12)), the formulas (4.14), (4.15), and the 
inequality pa > na\ > kot\ (see definition of n) imply that 

11 °(^ feQl ) + b(W^) {5k +dk + °^ Pa)) ll= °(P~ kai )- ( 4 - 17 ) 

Therefore using the equality || ^>N,t ||= 1, the assumption argfe(iV, 7) = 0, the last equality 
of (4.14) and taking into account that F k -i(-y + t) is a linear combination of e'( 7+t_7l ' x ) for 
71 € r(p") ( since F k -i(j + 1) is obtained from the right-hand side of (4.12)) and hence the 
functions e % ^ +t,x \ F k ^i(j + t) are orthogonal, from (4.16), we obtain 

^-y = (1+ || F k -i(7 + t) \\)) + 0(p- k ^)), (4.18) 

*iv,t(x) = (1+ II F k -i ||rV (W) + F k -i{l + t) + 0(p- ka ')). (4.19) 
Thus (1.33) is proved. Let us consider the case k = 2. Using (4.15) and (4.17) in (4.16) for 
k = 2 and recalling the definitions of F\, F\ ( see (2.13)), we get 

#„,(.) = + £ If + : n+tp + {R ->»<), (4.20) 

that is, we obtain the proof of the equality for F* (7 + t) ■ 
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5 Simple Sets and Isoenergetic Surfaces 

In this section we consider the simple sets B defined in Definition 1.2 and construct a large 
part of the isoenergetic surfaces 

I p (q) = {teF* :3N,A N (t)=p 2 }. 

corresponding to p 2 for large p. In the case q(x) = the isoenergetic surface 

i p (0) = {teF* :3 7 er,| 7 + t \ 2 = P 2 } 

is the translation of the sphere B(p) = {j + t : t E F* ,-f e T, | 7 + 1 | 2 = p 2 } by the vectors 
7 G r. For simplicity of formulation of the main results of this section we start with a 
conversation about this results and introduce the needed notations. 

Notation 5.1 We construct a part of isoenergetic surfaces by using the Property 3 ( see 
introduction) of the simple set B, that is, by investigation of the function A(j + t) in the set 
B, where A(7 + t) is defined in Remark 4-1- In other word, we consider the part 

PI p (q) = {t G F* : 3 7 G I\ A( 7 + 1) = p 2 }, 

of the isoenergetic surfaces I p (q). The set PI p (q) is translation of 

TPI p {q)^{ 1 + t:A( 1 + t)=p 2 }. 

We say that TPI p (q) is the part of the translated (on the simple set B) isoenergetic surfaces. 
In this section we construct the subsets I p and I p of TPI p (q) and PI p (q) respectively and 
prove that the measures of these subsets are asymptotically equal to the measure of the 
isoenergetic surfaces I p (0) of L(0). In other word we construct a large (in some sense) part 
I p of isoenergetic surfaces I p {q) of L{q). Since A (7 + t) approximately equal to F(j + t) ( 
see (1.27) and Remark 4-1) it is natural to call 

S p = {xeU(2p a \p):F(x)=p 2 }, 

where U , and F(x) are defined in Definition 1.1 and in (1.26), approximated isoenergetic 
surfaces in the non-resonance domain. Here we construct a part of the simple set B in 
neighborhood of S p that contains I p . For this we consider the surface S p . As we noted in 
introduction ( see Step 2 and (1.28)) the eigenvalue A(j + t) does not coincide with the 
eigenvalues A(j + t + b) if \ F(>y + t) - F(j + t + b) |> 2ei for 7 + t + b G U(p ai ,p) and 
b G T\{0}. Therefore we eliminate 

P b = {x : x G S p , x + b G U(^p ai ,p),\ F{x) - F(x + b) |< 3ei} (5.1) 

for b G T from S p , denote the remaining part of S p by S , and consider its e -neighborhood: 

S' p = S p \(U ber P b ), U e {S' p ) = U aeS ,U e (a)}, 

where e = U e (a) = {x G R d :| x — a |< e}, E\ = p~ d ~ 2a . In Theorem 5.1 we prove that 
in the set U e (S p ) the simplicity condition (1.28) holds. Denote by 

Tr{E) = {7 + 2; G U e {S' p ) : 7 G T,x G E}, Tr F *{E) = {7 + x G F* : 7 G T, x G E} 
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the translations of E C i? d into U £ (S p ) and F* respectively. In order that the simplicity 
condition (1.29) holds, we discard from U £ (S p ) the translation Tr{A(p)) of 

MP) = U^J(U 71>72i ... i7fce r(pp«)(U^ 1 A M (7i,72,...,7fe))), (5.2) 

where A M ( 7l , 7fe ) = {x G (n£ =1 V 7i (p a * )\£ fc +i) n JT P : Ai(ar) G (p 2 - 3ei, p 2 + 3ei)}, 
Xi(x), bk is defined in Theorem 2.2, and K p = {x G R d :|| x | 2 — p 2 |< p ai }- As a result we 
construct the part U £ (S )\Tr(A(p)) of the simple set B (see Theorem 5.1(a)) which contains 
the set I p (see Theorem 5.1(c)). 

To prove the main result ( Theorem 5.1) of this section we use the following property, 
namely (5.3) and Lemma 5.1, of the set constructed in Notation 5.1: 

p-p" 1 - 1 <\x\<p + p ai -\ Va; G U e (Kp), 

| ^ |< 3p, V.t G U(p a \p) n U £ (K P ), (5.3) 

u e (s' p )cU(p a \ P )nK p . 

To prove (5.3) recall that 

F{x) =| x | 2 +F kl - 1 (x), Vx G U(c 4 p ai ,p) (5.4) 
ffa-iW = 0(p- Q1 ), Vx G U(c 4 p a \p) (5.4(a)) 

- 0(p- 2ai+ ") - 0(p- 5a ), Vx G (7(c 4P Ql ,p) (5.4(b)) 

F(x)=p 2 , \x\=p + 0(p- a ^ 1 ), VxeS p (5.4(c)) 

( see (1.26), (2.8), (2.34)) and the definition of S p ). One can readily see that the inequalities 
in (5.3) follows from the definitions of K p and (5.4), (5.4(a)), (5.4(b)). Since S p G S p , using 
(5.4(c)), we obtain the inclusion U £ (S p ) C K p . This inclusion with S p G U(2p ai ,p) ( see 
definition of S p and S p ) imply the inclusion in (5.3). 

Lemma 5.1 (a) If x G U £ (S p ) and x + b G U(p ai ,p) fl if p , w/iere 6 G T, i/ien 
| F(x) - F(z + 6) |> 2e 1 ,where e = f-,ei = p- d ~ 2o! . 
(6) If x £ U £ (S' p ), then x + b£ U £ {S' p ) for allbeT . 

(c) If E is a bounded subset o/M d , £/ien p{Tr{E)) < fj,(E). 

(d) If EC U £ (S' p ), then p(Tr F *(E)) = p(E). 

Proof, (a) If re G U £ (S' ), then there exists a point a such that a G S' p and a; G U £ (a). 
Since a + 6 lies in e neighborhood of x + b, where x + b G U(p ai ,p) D K pi we have a + b G 
C/(ip Q1 ,p). Therefore using the definitions of S p , and Pf, ( see (5.1)), we obtain a £ P, and 

\F(a)-F(a + b)\>3e 1 . (5.5) 

On the other hand, using the last inequality of (5.3) and the obvious relations | x — a |< e, 
\ x + b — a — b\< e, we obtain 

| F(x) - F(a) |< 3pe, | F(x + b) - F(a + b) < 3pe. (5.6) 

These inequalities with (5.5) give the proof of Lemma 5.1(a), since 6pe < £\. 

(b) If x and x + b lie in U £ (S p ), then there exist points a and c in 5 p such that x G J7 e (a) 
and x + b G [4(c). Repeating the proof of (5.6), we get 
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| F(c) — F(x + b) \< 3pe. This, the first inequality in (5.6), and the relations F(a) = p 2 , 
F(c) = p 2 for a e S p , c e S p give | F{x) - F(x + b) < e l7 where x G U e {S' p ) and 

x + b G U £ (S p ) C U(p ai ,p) n if p ( see (5.3)), which contradicts the Lemma 5.1(a). 

(c) Clearly, for any bounded set E there exist only a finite number of vectors 71, 72, -",7s 
such that E(k) = (E + j k ) n U E {S' p ) ^ for k = 1, 2, s and Tr(£) is the union of the sets 
E{k). By definition of E{k) we have E(k) -jk C E, p{E{k) -~/ k ) = p{E{k)). Moreover, by 
(b), (E(k) - 7 fe ) n (E(j) - 7j) = for k ^ j. Therefore (c) is true. 

(<i) Now let E C U e (Sp). Then by (&) the set 2£ can be divided into a finite number of the 
pairwise disjoint sets E\, E 2 , E n such that there exist the vectors 71,72, ■■■,'Jn satisfying 

(E k + 7fe ) C F* , {E k + 7fe ) n (Ej + lj ) ± 

for k, j = 1, 2, ...,n and k ^ j. Using p(E k + j k ) = p{E k ), we get the proof of (d), since 
Tr F *(E) and E are union of the pairwise disjoint sets E k + j k and E k for k = 1,2, ...,n 
respectively ■ 

In the following Theorem we use the sets defined in Notation 5.1. 

Theorem 5.1 (a) The set U e (S p )\Tr(A(p)) is a subset of the simple set B defined in Def- 
inition 1.2. For every connected open subset E of U E (S p )\Tr(A(p) there exists a unique 
index N such that Ajy(t) = A(j + 1) for 7 + 1 G E, where A(j + 1) is defined in Remark 4-1- 
Moreover, 

^A(7 + i) = ^|7 + t| 2 +0(p 1 - 2Ql ),Vi = l,2,...,d. (5.7) 

(b) For the part V p = S' p \U e (Tr(A(p))) of the approximated isoenergetic surface S p the 
following holds 

p(V p )>(l-c 17 p- a ))p(B(p)). (5.8) 

Moreover, U £ {V p ) lies in the subset U £ (S )\Tr(A(p)) of the simple set B. 

(c) The isoenergetic surface I(p) contains the set i' , which consists of the smooth surfaces 
and has the measure 

MO = KO > (1 - c 18 p- a )p(B(p)), (5.9) 

where I p is a part of the translated isoenergetic surfaces TPI p {q) of L(q), which is contained 
in the subset U £ (S p )\Tr(A(p)) of the simple set B. 

In particular the number p 2 for /)> 1 lies in the spectrum of L(q), that is, the number 
of the gaps in the spectrum of L(q) is finite, where q{x) G W2°(R d /i}), d > 2, 

s = M=l {z d + d + 2) + \dZ d + d + 6, and fl is an arbitrary lattice. 

Proof, (a) To prove that U £ (S p )\Tr(A(p)) C B we need to show that for each point 
7 + t of U £ (S'p)\Tr(A(p)) the following assertions are true: 
As.l 7 + t G U{p a \p)r\{R{^p- p a ^- 1 )\R{\p + p^- 1 )). 

As. 2 If 7' G K, where K is defined by (1.30), and 7' + 1 G U(p a \p), then (1.28) holds. 
As. 3 If 7' G K and 7' + 1 G E k \E k+1 , then (1.29) holds. 
The proof of As.l follows from the inclusion in (5.3). 

The proof of As. 2. If 7' G K, then (1.30) holds. Since 7 + t G U £ (S' p ), there exists 
a G S p C S p such that 7 + 1 G U £ (a). Then (5.6), the equalities F(a) = p 2 ( see definition of 
S p in Notation 5.1) and E\ = Ipe ( see Lemma 5.1(a)) give 

F{j + t) G (p 2 -e 1 ,p 2 + e 1 ). (5.10) 

This with (1.30) imply that 7 + 1 G U(p ai ,p) PI if p . Now in Lemma 5.1(a) considering ir as 
7 + t and x + b as 7 + i we get (1.28). 
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The proof of As. 3. As in case As. 2 the inclusion 7 G K yields 

7' + t G (E k \E k+1 ) n K p . On the other hand 7 + t £ Tr(A(p)) which means that 
7 + t A(p). Therefore it follows from the definition of A(p) ( see (5.2)) that 
+t) <£ (p 2 - 3ei,p 2 + 3ei). This with (5.10) implies (1.29). 
Now let E be a connected open subset of U E (S )\Tr(A(p) C B. By Theorem 4.1 and 

Remark 4.1 for a 6 £ C U e (S )\Tr(A(p) there exists a unique index N(a) such that 

A(a) = Ajv (o) (a), *„(*) = * N (a),a( x )> I (*iv(a),a(aO> e <(o,x) ) | 2 > £ 

and A(a) is a simple eigenvalue. On the other hand, for fixed N the functions Ajv(t) and 
(^jv.tOc), e^*' x ^) are continuous in a neighborhood of a if Ajv(a) is a simple eigenvalue. 
Therefore for each a G E there exists a neighborhood U(a) <Z E oi a such that 

l(^(a),,(x),e^)| 2 >i 

for y G f/(a). Since for y G _E there is a unique integer iV(y) satisfying 

|(*iv(,), y W,e^))| 2 >i 

we have iV(y) = N(a) for y G U(a). Hence we proved that 

Va G E,3U(a) C £ : JVfo) = N(a),Vy G U{a). (5.11) 

Now let ai and a 2 be two points of E , and let C C £ be the arc that joins these 
points. Let U(yi), U(y2), U(y k ) be a finite subcover of the open cover {U(a) : a G C} of 
the compact C, where t/(a) is the neighborhood of a satisfying (5.11). By (5.11), we have 
N(y) = N( yi ) = N t for y G £%;)■ Clearly, if E/( W ) n U(yj) ± 0, then TV, = N(z) = JV,-, 
where z G £%j) n £/(%). Thus Ni = N 2 = ... = N k and JV(oi) = JV(o 2 ). 

To calculate the partial derivatives of the function A(7+i) — Ajv(i) we write the operator 
i t in the form — A — (2it, V) + (i, t). Then, it is clear that 

Q Q 

— A N (t) = 2t j ($ N ,t(x),$ N ,t(x)) - 2i(—$ N ,t{x),$ N ,t(x)), (5.12) 

*w,t(aO= $>(W,7V (7 ' ,x) , (5-13) 
7'er 

where $jv,t(aO = e~^*' x ^jv,t(a;)- If I 7 | > 2p, then using 

A Ar = A( 7 + t) = p 2 + 0(p- a ), 
( see (1-27), (5.10)), and the obvious inequality 

I A N - I 7 - 71 - 72 - ... - 7fe + t | 2 |> C19 I 7 | 2 
for fc = 0, 1, ...,p, where | 71 |< 7' |, and iterating (1.8) p times by using decomposition 

«(*)= E 9 71 e j(7i ' x) + o(i 7 ' r p ), 

l7i|<^l7'l 



we get 



71 7^... ]lj=o( A JV- I 7 - £i=l 7i + * I 2 ) 
6(JV,7') = 0(|7' r P ), V| 7 ' |>2p. (5.15) 
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By (5.15) the series in (5.13) can be differentiated term by term. Hence 

y dx 



$ ^*) = E V C?) I V) | 2 = 7(7) I 7) I 2 +oi + 02, (5.16) 
7 'er 



where 

«i= E 7(7) I &W 7) I 2 , «2= E 7(i)|&W7')| 2 - 

| 7 '|>2p | 7 '|<2p, 7 V7 

By (1.31), (1.31a) a 2 = 0(p" 2ai + 1 ), 7 (j) I ^-7) | 2 - 7(j)(l + 0(p- 2ai ), and by (5.15), 
ai = (9(p- 2Ql ). Therefore (5.12) and (5.16) imply (5.7). 

(b) To prove the inclusion U £ {V P ) C U £ (S p )\Tr(A(p)) we need to show that if a G V p , 
then U E (a) C U S (S )\Tr(A(p)). This is clear, since the relations a <E V p <Z S p imply that 
U £ (a) C U e {S' p ) and the relation a £ U e (Tr(A(p))) implies that U £ (a) n Tr(A(p)) = 0. To 
prove (5.8) first we estimate the measure of S p , S' p , U 2s (A(p)), namely we prove 

p(S p )>(l-c 2a p- a )p(B(p)), (5.17) 
p(S' p )>(l-c 21 p- a )p(B(p)), (5.18) 
p(U 2e (A(p))) = 0(p- a )p(B(p))e (5.19) 

( see below, Estimations 1, 2, 3). The estimation (5.8) of the measure of the set V p is done 
in Estimation 4 by using Estimations 1, 2, 3. 

(c) In Estimation 5 we prove the formula (5.9). The Theorem is proved ■ 
In Estimations 1-5 we use the notations: 

G(+i,a) = {x G G, Xi > a}, G(— i,a) = {x 6 G, < —a}, where x = (xi, x 2 , ■ xj), 
a > 0. Recalling the definitions of the sets S p , A(p), and using (5.3), it is not hard to verify 

that for any subset G of U e {S p ) U U 2e (A(pj) , that is, for all considered sets G in these 
estimations, and for any x e G the followings hold 

p-K\x\< p+1, G C (L)f =1 (G(+i, pcT 1 ) U G(-i, pcT 1 )) (5.20) 

Indeed, (5.3) imply the inequalities in (5.20) and the inclusion in (5.20) follows from these 
inequalities. If G C S p , then by (5.4), (5.4(b)) we have > for x G G(+k,p- a ). 

Therefore to calculate the measure of G(+k, a) for a > p~ a we use the formula 

/9F 
(g^y 1 I 3 rad ( F ) I dx 1 ...dxk-idxk+i—dxd, (5.21) 

Pr k (G(+k,a)) 

where Prfc(G) = {(xi,x 2 , ...,Xk-i,Xk+i,Xk+2, ■■■,Xd) ■ x G G} is the projection of G on 
the hyperplane Xk — 0. Instead of Pr^(G) we write Pr(G) if k is unambiguous. If D is 
to— dimensional subset of R m , then to estimate p(D), we use the formula 

p(D) = J fi(D(xi,...Xk-i,Xk+i,..-,x m ))dxi...dxk-idxk+i-..dx m , (5.22) 

Pr k (D) 

where D(xi, ...x k -i,x k +i, —,x m ) = {x k : (xi,x 2 , ...,x m ) G D}. 

ESTIMATION 1. Here we prove (5.17) by using (5.21). During this estimation the set 
S p is redenoted by G. First we estimate p(G(+l, a)) for a = p 1_a by using (5.21) for k = 1 
and the relations 

If > ( lf } 1 1 l= /2 3 P . + ( 5 - 23 ) 

Cxi Cxi ^/p^ — x % — x^ — ... — x d 
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Pr(G(+l, a)) D Pr(A(+l, 2a)), (5.24) 

where x £ G(+l,a), A = B(p) n U(3p ai ,p), and B(p) = {x £ M. d :| x |= p}. Here (5.23) 
follows from (5.4), (5.4(b)), and (5.4(c)). Now we prove (5.24). If 

(x 2 , -;Xd) £ Pri(j4(+1, 2a)), then by definition of A(+l, 2a) there exists x\ such that 

Xl >2a = 2p 1 " a , x 2 +x 2 + ...+xj = p 2 , \^{2x l b t -b 2 )\>Zp ai (5.25) 

i>l 

for all (bi, b 2 , o<j) £ r(pp a )- Therefore for /i = p~ Q we have 

(xi + h) 2 +x 2 2 + ... + x\ > p 2 + p- a , fa - hf +x 2 + ... + x\ < p 2 - p~ a . 

This, (5.4) and (5.4(a)) give F(xi + h, x 2 , ...,x d ) > p 2 , F(xi - h, x 2 , ...,x d ) < p 2 . Since F is 
a continuous function ( see Remark 2.2) on U(c4p ai ,p) there is y\ G [x\ — h, x\ + h) such 
that (see (5.25))j/i > a, F(yi,x 2 , ...,Xd) = p 2 ■ Moreover 

I 2yi&i - b\ + ^2(2 Xi bi - b 2 ) \> p a \ (5.26) 

because the expression under the absolute value in (5.26) differ from the expression under 
the absolute value in (5.25) by 2(j/i — Xi)b\, where | y\ — X\ \< h = p~ a , \ b\ |< pp a , 
| 2(yi — Xi)bi |< 2p < p ai . Now recalling the definition of G(+l,a) and S p we see that 
these relations imply the inclusion (x 2 , ...,Xd) € Pri G(+l,a). Hence (5.24) is proved. Now 
(5.23), (5.24), and the obvious relation p(Pri G(+l,a)) = 0(p d_1 ) ( see (5.20)) give 

p(G(+l,a))= f 2 P 2 ==dx 2 dx 3 ...dx d + 0(^)p(B(p)) 

Pr(G( + l,a)) VP ^ X3 Xd P 



> / 7= 2 2 =dx 2 dx 3 ...dx d - c 22 p a p(B(p)) 

Pr(A ( ;i,2a)) VP ~ «2 " *3 ~ - " *d 

= p(A(+l,2a))-c 22 p-XB(p)). 

Similarly, p,{G{— l,a)) > /u(^4(— 1, 2a)) — c 22 p~ a p(B(pj). Now using the inequality 
jU(G) > /i(G(+l, a)) + p(G(-l, a)), we get 

jLt(G) > p{A(-l,2a)) + p(A(+l,2a)) - 2c 22 p- a p(B(p)). On the other hand it follows 
from the obvious relation p({x £ B(p) : —2a < x\ < 2a}) = 0(p~ a )p{B(p)) that 
p(A(-l,2a)) + n(A(+l,2a)) > p(A) - c 22 p- a p(B(p)). Therefore 

p(G) > p(A) - 3c 22 p- a p(B(p)). It implies (5.17), since p(A)) = (1 + 0{p- a ))p{B{p)) 
(see (2.32) ). 

ESTIMATION 2. Here we prove (5.18). For this we estimate the measure of the set 
SpCiPb by using (5.21). During this estimation the set S p <lPb is redenoted by G. We choose 
the coordinate axis so that the direction of b coincides with the direction of (1, 0, 0, 0), 
i.e., b = (&i, 0, 0, 0) and bi > 0. It follows from the definition of P& ( see (5.1)), (5.4), 
(5.4(c)) that if (x\, x 2 , Xd) £ G, then 

x\ + x\ + ... + x 2 + F fcl _i(x) = p 2 , (5.27) 
(xi + h) 2 + x\ + x\ + ... + x 2 d + F fel _i(x + b) = p 2 + h, (5.28) 

where h £ (— 3ei,3ei), e\ = p~ d ~ 2a . Therefore subtracting (5.27) from (5.28) and using 
(5.4(a)), we get 

(2x 1 +b 1 )b 1 =0(p- ai ). (5.29) 
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This and the inequalities in (5.20) imply 

I 61 l<2p + 3, Xl = h -± +0 (p-^ 1 ) 1 \xl-{ h -±f \=0{p-^). (5.30) 

Consider two cases. Case 1: b G Ti, where Ti = {6 e T :| p 2 - | § | 2 |< 3dp~ 2a }. In 
this case using the last equality in (5.30), (5.27), (5.4(a)), and taking into account that 
b = (61, 0, 0, 0), ai = 3a, we obtain 

x\ = p 2 + 0(p- 2a ), \ Xl \=p+ Oip- 2 "- 1 )^ 2 +4 + ... + x 2 = 0(p- 2a ). (5.31) 

Therefore G C G(+l, a) U G(—l, a), where a = p — p . Using (5.21), the obvious relation 
/z(Pri(G(±l, a)) = 0(p _ ( d_1 ) a ) (sec (5.31)) and taking into account that the expression 
under the integral in (5.21) for k = 1 is equal to l + 0(p~ a ) (see (5.4(b)) and (5.31)), we get 
A»(G(±l,o)) = 0(p-( d ~V a ). Thus p(G) = 0{p-<- d -V a ). Since | ri |= C^/" 1 ) (see (1.37)), 
we have 

M (U fceri (S p n A) - O^"^- 1 )"^- 1 ) = 0{p- a )p{B(p)). (5.32) 
Case 2: | p 2 - | § | 2 |> Sd^ 2 ". Repeating the proof of (5.31), we get 



I x\ - p 2 |> 2dp- 2a , J]4 > d/9~ 2a , max | x k |> p- Q . (5.33) 

k=2 

Therefore G C U fc > 2 (G(+fc, p~ a ) U G(-k,p- a )). Now we estimate ri(G(+d, p~ a )) by using 
(5.21). If a; G G(+d, p~ a ), then according to (5.27) and (5.4(b)) the under integral expression 
in (5.21) for k = d is 0(p 1+a ). Therefore the first equality in 

»{D) = 0(ei I b r 1 p d - 2 ), (4G(+d, p- a )) = 0( P d - 1+a £l I b T 1 ), (5.34) 

where the set Pr d G(+d, p~ a ) is redenoted by D , implies the second equality in (5.34). To 
prove the first equality in (5.34) we use (5.22) for m = d — 1 and k = 1 and prove the 
relations p(Pri D) = 0(/" 2 ), 

p(D(x 2 ,x 3 , Xd-i)) < 6ei I 6 | _1 (5.35) 

for (.t 2 , £3, ir<j-i) G Pri D. First relation follows from the inequalities in (5.20)). So we 
need to prove (5.35). If x\ G D( X 2, £3, then by definition of D( X 2, £3, a;<i-i) and 
Z) we have (xix 2 , , ...,^-1) G D and (#1, a; 2 , ■ ■■■,x d ) G G(+d, p~ Q ) C G = 5 P (~l Ph. Therefore 
(5.27) and (5.28) hold. Subtracting (5.27) from (5.28), we get 

2x 1 b l + (h) 2 + F fcl _i(a: + 6) - F fcl _i(a;) = /i, (5.36) 

where X %, S3, OJd-i are fixed . Hence we have two equations (5.27) and (5.36) with respect 
two unknown X \ and x d - Using (5.4(b)), the implicit function theorem, and the inequalities 
I %d |> P~ a , > 2a from (5.27), we obtain 

Xd - nxih dx! " 2x d + o( P - 2 ^+«y {b - d7 > 

Substituting this in (5.36), we get 

2xifei + b\ + F kl -i(xi +bi,X2, x d -i, f(xi)) - F kl -i(xi, ...,x d -i,f) = h. (5.38) 

Using (5.4(b), (5.37), the first equality in (5.30), and x d > p~ a we see that the absolute 
value of the derivative (w.r.t. x\) of the left-hand side of (5.38) satisfies the inequality 

I 26, + 0( P - 2 ^) + Q(p- 2ai+a ) ^ + oj^I^j ) l> ^ 
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for x x = \ + 0(p- ai ) (see (5.30)). Therefore from (5.38), using the implicit function 
theorem, we get 

This inequality implies that the image {x\(h) : h G (— 3ei,3£i)} of the interval (— 3£i,3ei) 
( see (5.28)) under differentiable function x\(h) is an interval / with the length less than 
6ei I b I -1 . Since D(x2,X3, ...,Xd-i) is a measurable subset of /, (5.35) holds. Thus (5.34) 
is proved. In the same way we get the same estimation for the sets G(—d, p~ a ), G(+k, p~ a ) 
and G{— k,p~ a ), where k>2. Hence 

p(s p nP b ) = o(p d - 1+a £l lb]- 1 ) 

for b £ T\. Since | b \< 2p + 3 ( see (5.30)) and e\ = p~ d ~ 2a , taking into account that the 
number of the vectors of T satisfying | b |< 2p + 3 is 0(p d ), we obtain 

p(u HTl (S p n A)) = 0(p 2d - 1+a ei) - 0(p- a )p(B( P )). 

This, (5.32) and (5.17) give the proof of (5.18). 

ESTIMATION 3. Here we prove (5.19). Denote U 2e (A kj 1(71,72, 7k)) by G, where 
71,72, ...,7fe G T{pp a ) 1 k < d— 1, and A^j is defined in (5.2). To estimate /x(G) we turn the 
coordinate axis so that 

5pan{7i,72, ...,7k} = {x = {xi,x 2 , ...,x k ,0,0, ...,0) : x 1} x 2 , ...,x k G M}. 

Then by (2.22), we have x t = 0{p ak+i - k -^ a ) for % < k, x G G. This, (5.20), and 
at + (fc — l)a < 1 ( see the first inequality in (1.39)) give 

G c (U 4>fe (G(+z, prf- 1 ) U G(-i, pd- 1 )), 

p(Pr(G(+i, pd- 1 ))) = o(/(«fe+(fc-i)«)+(<i-i-fe)) (5.39) 
for i > k. Now using this and (5.22) for m = d, we prove that 

p{G(+i,pd- x )) = o( ep fe(^+(fe-i)«)+(d-i-fc)) ) Vi > jfe. (5.40) 
For this we redenote by D the set G(+i, pd- 1 ) and prove that 

n((D(x 1 ,X2,...Xi- 1 ,Xi +U -Xd)) < (42d 2 + 4)e (5.41) 

for (x\, x 2 , ...Xi-i, x i+ i, ...Xd) G Yri(D) and i > k, since using (5.41) and (5.39) in (5.22) 
one can easily get the proof of (5.40). Hence we need to prove (5.41). To prove (5.41) it 
is sufficient to show that if both x = (xi, x 2 , X{, ...Xd) and x — {x\, x 2 , x { , Xd) are 
in D, then | Xi - x\ \< (42d 2 + 4)e. Assume the converse. Then \x{- x\ |> (42d 2 + 4)e. 
Without loss of generality it can be assumed that x i > Xj. Then we have the inequalities 

x'i > x t + (42d 2 + 4)e, x, > pd" 1 (5.42) 

since x = (x\,x 2 , ...,Xi, ...Xd) £ D = G(+i, pd- 1 ). By the definition of G the points x and 
x lie in the 2e neighborhood of A k ,j. Therefore there exist points a and a in A k j such that 
x — a |< 2e and x — a \< 2e. These inequalities with (5.42) imply that 



pd - 2e < cii < Oj, Oj - aj > 42d e, 
( fl ;) 2 -(a,) 2 >2( /OC ?- 1 -2e)( a ;-a l ), 



(5.43) 
(5.43(a)) 
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a s ,d s £ (x s -2s,x s + 2e,), \\ a s \ - \ a' s ||< 4e (5.44) 

for s/i, since = x s for s ^ z. On the other hand the inequalities in (5.20) hold for the 
points of A k j , that is, we have | a s \< p + 1, | a s \< p + 1. These inequalities and (5.44) 
imply || a s | 2 - | d s | 2 |< 12pe for s ^ i, and by (5.43) 

X) IK | 2 ~ I al | 2 |< \2dpe < -pd~ 1 {d i - a»). (5.45) 

Using this and (5.43(a)), we get 

||a| 2 -|a'| 2 |>^- 1 |a;-a i |. (5.46) 

At last, the inequalities a i — a,i > 42d 2 e ( see (5.43)), | a s — a s < 4e for s ^ i (see the 
inclusion in (5.44)) shows that 

\ a — a |< 2 | a i — | (5.46(a)) 

Now we prove that (5.46) and (5.46(a)) contradict the inclusions a £ A k j and a £ A k j. 
Using the inequality (2.36), the obvious relation \a.d < 1 ( see definitions of a and ay in 
(1.6) and in Definition 1.1) and (5.46(a)), we get 

I r j( a ) - r i(d) \< P^ ad \a-d \< IjPd^ 1 \ a l -a l |, 

where rj(x) = \j(x)— \ x | 2 ( see Remark 2.2). This inequality, (5.46), the inequality 
a i — ai > 42d 2 e ( see (5.43)), and the relation e\ = 7pe ( see Lemma 5.1(a)) imply 

| Xj(a) - Xj(a') \>\\ a | 2 - | a | 2 | - | 77(a) - rj(a') |> /xT 1 \ a\ - a t |> 42dpe > 6ei. 

The obtained inequality | \j(a) — Xj(a) |> 6ei contradicts with the inclusions a £ A k j, 
a £ A k j , since by definition of A k j (see (5.2)) both \ 3 (a) and Aj (a )liein (p 2 — 3ei, p 2 +3ei). 
Thus (5.41) and hence (5.40) is proved. In the same way we get the same estimation for 
G(-i, §). Thus 

p{U 2£ {AkAli^-,lk))) = o( £ /(«*+(fc-i)«)+<*-i-*). 

Now taking into account that U2 E (A(p)) is union of t^e^fcj (71,72, ■ 7fe) for k — 1,2, .., d— 1; 
j = 1,2, ...,6 fe (7i,72, ...,7fc), and 71,72, ...,7fc e T(pp a ) ( see (5.2)) and using that 

b k = 0(p da+ i ak+1 ) 

( see (2.30)), the number of the vectors (71,72, ...,7k) for 71,72, ■■-,7fc S r(p/? Q ) is 0{p dka ), 
we obtain 

/z(f/2e(-4(p))) = 0( e/ r, dQ +-l Qfc + 1 + d ' £O! + fc ( Qfc +( fe " 1 ) a )+ d " 1 "' c ). 

Therefore to prove (5.19), it remains to show that 

da + \oik+\ + dfca + k(a k + (fc — l)a) + d — 1 — k < d — 1 — a or 

fc 

(d + l)a + -afe+i + dfca + fc(a fc + (fe - l)a) < fc 



running head 



44 



for 1 < k < d — 1. Dividing both sides by hot and using — 3 k a, a — ^, x = 3 d + d + 2 ( 
see (1.6) and Definition 1.1), we get 

*±± + ^+3 k + k-l<3 d + 2. 

The left-hand side of this inequality gets its maximum at k = d — 1. Therefore we need to 
show that 

^r + h d + d<3 d + 4 
d — 1 6 

which follows from the inequalities < 3, <i < ^3^ + 1 for d > 2. 

ESTIMATION 4. Here we prove (5.8). During this estimation we denote by G the set 
S' p n U £ (Tr(A(p)). Since V p = S^G and (5.18) holds, it is enough to prove that 

fi(G) = 0(p- a )fi(B(p)). For this we use (5.20) and prove 

l*(G{+i, Pd- 1 )) = 0(p- a UB( P )), n(G(-i, pd- 1 )) = 0(p- a )p(B( P )) (5.47) 

for i = 1,2, ...,d by using (5.21). By (5.4(b)), if x G G(+i, pd^ 1 ), then the under integral 
expression in (5.21) for k = i is less than d+ 1. Therefore to prove the first equality of (5.47) 
it is sufficient to prove 

MPr(G(+i, Pd- 1 )) = 0(p- a )p(B( P )) (5.48) 

Clearly, if (x\, X2, ■■■Xi-i, Xi+i, ■■■Xd) G Pii(G(+i, pd^ 1 )), then 

fjb{U e {G){x\,X2, ...Xi-i,Xi + \, ...Xd)) > 2e and by (5.22), it follows that 

»(U e (G)) > 2£ A^ (Pr(G(+^,pc^- 1 )). (5.49) 

Hence to prove (5.48) we need to estimate p(U e (G)). For this we prove that 

U £ (G) c U £ (S' p ), U £ (G) c U 2£ (Tr(A(p))), U £ (G) c Tr(U 2£ (A(p))). (5.50) 

The first and second inclusions follow from G C S and G G C/ e (Tr(A(p))) respectively (see 
definition of G ). Now we prove the third inclusion in (5.50). If x G U £ (G), then by the 
second inclusion of (5.50) there exists b such that b G Tr(A(p)), x — b |< 2e. Then by the 
definition of Tr(A(p)) there exist 7 G T and c G A(p) such that b = 7 + c. Therefore 

I a; - 7 - c |=| x - b \< 2e, i- T e f7 2e (c) C f/ 2 e(^(p))- 

This together with x G f/ £ (G) C U £ (S' p ) (see the first inclusion of (5.50)) givcx G Tr(U 2£ (A(p))) 
( see the definition of Tr(E) in Notation 5.1), i.e., the third inclusion in (5.50) is proved. 
The third inclusion, Lemma 5.1(c), and (5.19) imply that p(U e (G)) = 0(p~ a )p(B(p))e. 
Now using (5.49), we get the proof of (5.48) and hence the proof of the first equality of 
(5.47). The second equality of (5.47) can be proved in the same way<) 

ESTIMATION 5 Here we prove (5.9). Divide the set V p = V, defined in Theorem 5.1(b), 
into pairwise disjoint subsets 

v'(±i, pd- 1 ) = v(±i, pd- 1 ), v (±t, pd- 1 ) = v(±i, P d- 1 )\(uyJ 1 (v(±j, pd- 1 ))) 

for i = 2,3, ...,d. Take any point a G V (+i,pd- 1 ) C S p and consider the function F(x) ( 
see (5.4)) on the interval (a — ee^, a + ee^), where e\ — (1, 0, 0, 0), e 2 = (0, 1, 0, 0), .... 
By (5.4(c)), we have F(a) = p 2 . It follows from (5.4(b)) and the definition of V'(+i, pd- 1 ) 
that > pd- 1 for x G (a — ee,, a + eej). Therefore 

F(a - 8e { ) < p 2 - c 23 £i, F(a + Se,) > p 2 + c 23 £i, (5.51) 
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where 5 = §, e x = 7pe. Since [a- Se^a + Sei} G C/ £ (a) C U S (V P ) C U £ (S' p )\Tr(A(p)) ( 
see Theorem 5.1(6)), it follows from Theorem 5.1(a) that there exists index N such that 
A(y) = A N (y) for y E U s (a) and A(y) satisfies (1.27) ( sec Remark 4.1). Hence (5.51) 
implies that 

A(a - Se H ) < p 2 , A(a + Sei) > p 2 . (5.52) 

Moreover it follows from (5.7) that the derivative of A(y) with respect to yt is positive for 
y E [a — 5ei,a + Sei\. Hence A(y) is a continuous and increasing function in [a — Se i7 a + Set]. 
Thus (5.52) implies that there exists a unique point y(a,i) E [a — Sei,a + Se^ such that 
A(y(a,i)) = p 2 . Define l' p (+i) by 

l'p{+i) = {V(a,i) ■ « G V pd' 1 )}). 
In the same way we define l' p (—i) = {y(a,i) : a E V' (—i, pd^ 1 )} and put 

j; = u? =1 (j;(+i)uj;H)). 

To estimate the measure of /' we compare the measure of V (±i,prf _1 ) with the measure 
of I p (±i) by using the formula (5.21) and the relations 

Pr(V\±i, pd- 1 )) = Pr(^(±i)), p(Pr(l' p (±i))) = OQ^ 1 ), (5.53) 



(— r 1 | grad(F) \ -{^Y 1 I <7™d(A) |= 0(p- 2 ^), (5.54) 

where the first equality in (5.53) follows from the definition of I p (±i), the second equality 
in (5.53) follows from the inequalities in (5.20), since I p C U e (S p ), and (5.54) follows from 
(5.4(b)), (5.7). Using (5.53), (5.54), and (5.21), we get 

^V'(± l ,pd- 1 ))-p(l' p (± l )) = 0(p d - 1 - 2 '^). (5.55) 

On the other hand if y = (yi, y2, yd) € I p {+i) H I p (+j) for « < j then there exist 
a E V (+i,pd^ 1 ) and a E V (+j,pd^ 1 ) such that y — y(a,i) = y(a ,j) and 
y E [a — 5ei,a + Sei], y E [a — 8ej,a + 5e_j]. These inclusions and definitions of 
V (+i,pd~ 1 ), V pd^ 1 ) imply that pd^ 1 — S < yt < pd^ 1 . Therefore using the inequal- 
ities in (5.20), we get fi(PT 3 (l' p (+i) n l' p (+j))) = 0(ep d - 2 ). This equality, (5.21) for k = j 
and (5.7) give 

/*((/,(+*) n l' p (+j))) = 0(sp d - 2 ) (5.56) 

for all i and j. Similarly p,((I p (+i) n I p (—j))) = 0(sp d ~ 2 ) for all i and Now using (5.56), 
(5.55), we obtain 

p(l' p ) = Htfpi+i)) + E M 7 pH)) + 0(e/- 2 ) = E n{V'(+i, pd- 1 )) 

i i i 

+ J2^V(-i,pd- 1 )) + 0(p d - 1 -^) = p(V p ) + 0(p- 2 ^)p(B(p)). (5.57) 

i 

This and (5.8) yield the inequality (5.9) for l' p . Now we define I as follows. If 7 + 1 € I p 
then A(7 + t) = p 2 , where A(7 + t) is a unique eigenvalue satisfying (1.27) ( see Remark 
4.1). Since 

A( 7 + t) =| 7 + t I 2 +0(p- Ql ) 
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( see (1-27) and (5.4), (5.4(a))), for fixed t there exist only a finite number of vectors 
7i, 72, 7s € r satisfying A(-f k + t) = p 2 . Hence I is the union of the pairwise disjoint sets 

l' P M =hk+tel' p : A( 7fe +t) = p 2 } (k = 1, 2, ...a). 

The translation l' p k = l' p k — -f k = {t G F* : -f k + 1 G f k } of f k is a part of the isoenergetic 
surfaces I p of L(q). Put 

^ * e Ip k^Ip.m f° r k ^m, then ^/ k +t E l' p C U £ (S p ) and 7 m + i G U £ (S p ), which contradict 
Lemma 5.1(b). Therefore l' p is union of the pairwise disjoint subsets l' p k for k — 1, 2, ...s. 
Thus 

M-C) = ^Z^'p-k) = ^Z^'pm) = Kip)' 

k k 

This implies (5.9) for /" since (5.9) is proved for /' (see (5.57))D 

6 Bloch Functions near the Diffraction Planes 

In this section we obtain the asymptotic formulas for the Bloch function corresponding to the 
quasimomentum lying near the diffraction hypcrplanes. Here we assume that q{x) G W^iF), 
where s > 6(3 d (d+ l) 2 ) + d instead of the assumption (1.2). Besides, we define the number 
h by h = 4(3 d (c?+ 1)) instead of the definition x~3 d + d + 2ofK given in (1.6). The other 
numbers p, a k , a, ki,pi are defined as in the introduction. Clearly these numbers satisfy all 
inequalities of (1.38)-(1.40). Therefore the formulas obtained in previous sections hold in 
this notations too. Moreover the following relations hold 

k 2 < ^(p - ^(d - 1)), k 2 a 2 >d + 2a, A{d + l)ay = 1, (6.1) 

where k 2 = [^] + 2. In this section we construct a subset E>$ of V s (p ai ) such that if 

7 + t = [3 + t + (j + v)S G Bs ( see Remark 3.1 for this notations), then there exists a 
unique eigenvalue An(Xj^(v, t)) satisfying (3.52). Moreover we prove that AN(\j,p(v, r)) 
is a simple eigenvalue if f3 + t + (j + v)S belongs to the set Bs. Therefore we call the set Bs 
the simple set in the resonance domain Vs(p ai ). Then we obtain the asymptotic formulas of 
arbitrary order for the eigenfunction ^n(x) corresponding to the eigenvalue Ajv(Aj il g(u, r)). 
At the end of this section we prove that Bs has asymptotically full measure on Vs(p ai ). 
The construction of the simple set Bs in the resonance domain Vs(p ai ) is similar to the 
construction of the simple set B in the non-resonance domain (see Step 1 and Step 2 in 
introduction). As in Step 2 we need to find the simplicity conditions for the eigenvalue 
Ajv(Aj ll g). Since the first inequality in (6.1) holds, Atv(A^) satisfies the formula (3.52) for 



k = k 2 . Therefore it follows from the second inequality of (6.1) that 

A N (\jAv, t)) = E(\j t p(v, t)) + o(p- d - 2a ) = 0(5!), (6.2) 

where E(X jJ3 (v,T)) = \j,p{v,T) + E k2 -i{\j,p(v, r)), e\ = p^ 2 ", 

\j,p(v,r) ~ p 2 , E k2 ^(X 3 ,p) = 0(p- a2 (\np)), (6.3) 

X j} p(v, r)=\f3 + T\ 2 +p J (v) -| /? + r | 2 +0(p 2Ql ), (6-4) 

E(\ iJ3 (v,t))=\[3 + t\ 2 +0(p 2a ^) (6.5) 



( see (3.53), Lemma 3.1(b), (3.6), (3.5), and the definition of E(\j t p(v, r))). Due to (6.2) 
we call E(Xj t p(v,T)) the known part of Ajv(Aj il g(u, r)). Since known parts of the other 
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eigenvalues are Aj( 7 + t), F(-f + t) ( see Step 1 in the introduction), that is, the other 
eigenvalues lie in the e\ neighborhood of the numbers Aj( 7 + t), F(j + t), in order that 
A N (Xjjj(v,T)) does not coincide with other eigenvalues we use the following two simplicity 
conditions 

| E(Xj,p(v,T)) -Fir,' +t) |> 2ei,V 7 ' G M u (6.6) 

\E{X,.p)-X l { 1 ' +t) |>2ei,V 7 ' e M 2 ;Vi = 1,2,..., 6 fc) (6.7) 
where M is the set of 7 G V satisfying 

\E{X^{v,r))-\ 1 ' +t\ 2 \<\p a \ 

Mi is the set of 7 ' G M satisfying 7' + f G U(p ai ,p), M 2 is the set of 7' G M such that 
7 + t ^ U(p ai ,p) and 7 + i has the T$ decomposition 7 + t = /3 + r + (j + u(/3 ))<5 ( see 
Remark 3.1) with ^ (3. 

Definition 6.1 The simple set Bs in the resonance domain Vg(p ai ) is the set of 
x G Vg{p ai ) n (-R(fp- p ai - 1 )\R(±p + p" 1 ' 1 )) such that 

x = 7 + t, x = f3 + t + (j + v(/3))5, and (6.6), (6.7) hold, where 7 G T, t G F* , (3 £ r 5 , 
r G F«5, j G Z, w(/3) G W(p) C see Remark 3.1 for these decompositions of x), and W(p) is 
defined in Lemma 3.7. 

Using the simplicity conditions (6.6) and (6.7) we prove that Ajv(Aj il g(u, r)) does not 
coincide with other eigenvalues if (3 + r + (j + v)S G B5. The existence and properties 
of the sets B$ will be considered in the end of this section. Recall that in Section 4 the 
simplicity conditions (1.28), (1-29) implied the asymptotic formulas for the Bloch functions 
in the non-resonance domain. Similarly, here the simplicity conditions (6.6), (6.7) imply the 
asymptotic formula for the Bloch function in the single resonance domain V s (p ai ). For this 
we use the following lemma. 

Lemma 6.1 Let AN(Xj t [}(v,T)) be the eigenvalue of the operator Lt(q) satisfying (3.52), 
where (3 + t + ( j + v)S = 7 + 1 G Bs- If for 7 + 1 = + r + (j + v((3 ))5 at least one of the 
following conditions: 

7' G M, ^ (3, (6.8) 
\f3-0 \> (p-l)p a , (6.9) 
\(3-0 \<(p-l)p a ,\j'S\>h (6.10) 

hold, then 

\b(N n ') \<c 5 p- ca , (6.11) 

where h = lQ-Pp^ 2 , c = p - dx - \di d - 3, 6(AT, 7 ') = (V Ntt , e i ^' +t ^), ^ N , t {x) is any 
normalized eigenfunction of L t (q) corresponding to Ajv(Aj il g(u, r)). 

Proof. Repeating the proof of the inequality in (4.5) and instead of the simplicity 
conditions (1.28), (1-29) and the set K using the simplicity conditions (6.6), (6.7), and the 
set M, we obtain the proof of (6.11) under condition (6.8). 

Suppose that condition (6.9) holds. Consider two cases: 

Case 1: 7 G M. It follows from (6.9) that (3 7^ j3. Thus, in the Case 1, the condition 
(6.8) holds and hence (6.11) is true. 



running head 



48 



Case 2: 7' £ M. The definition of M ( see (6.7))and (6.2) imply that 

\^N-\l +t\ 2 \>\p a \V 1 ' tM. (6.12) 
Therefore using (1.9) and the definition of c ( see (6.11)), we get 

7ier( P ») 1 ' 1 

Since 7l G r(p a ) we have 7l = ft + M ( see (3.2)), where ft G T s , cl\ 6 1, | ft |< p" 
and 7 — 71 + £ = (/3 — ft) + r + (j + u(/3 ) — a)S. Moreover , it follows from (6.9) that 
(/3 — ft) ^ ft Therefore, if 7 — -fi G M, then repeating the proof of (6.11) for Case 1, we 
obtain 

I b(N,i' -71) \<c 5 p- ca (6.14) 

for 7 — 71 e M . Now in (6.13) instead of b(N,j — 71) for 7 -71 e M writing 0(p~ ca ), 
and using (1.9) for b(N, 7 — 71) when 7 — 71 ^ M , we get 

where the summation is taken under the conditions 71 G r(p a ), 72 G T (//*), 7 — 71 ^ M. 
Moreover, it follows from (6.12) that the multiplicands in the denominators of (6.15) are 
large number , namely 

A A r-|7'-E^+*| 2 | > i'° ai ' ( 6 - 16 ) 
1=1 

for 7 — J2l=i 7* ^ ^f> where 7* G r(/9 Q ), j = 0, 1. Arguing as in the proof of (6.14), we get 

I&W7-71-72) |< c 5 p- CQ (6.17) 

for (7 — 7 i — 72) G A'/ . Repeating this process p — 1 times, that is, in (6.15) instead of 
6(iV, 7 — 71 — 72) for 7 — 71 — 72 G M writing 0(p~ ca ) ( see (6.17)), and using (1.9) for 
b(N, 7 — 71 — 72) when 7 — 71 — 72 ^ M etc. , we obtain 

b(N,,')= £ iffi^ -^'l - + o(p - a - ) , (6.18) 

where the summation is taken under the conditions 7 — X^i=i li £ M for j = 0, 1, — 2. 
Therefore using (1.7) and taking into account that (6.16) holds for j = 0, 1, 2, ...,p — 2, we 
get (6.11) for the Case 2. 

Now assume that (6.10) holds. First we prove that the following implication 

s s 

7' -£>eM =►/?'- (6.19) 

i=l i=l 

where s = 0, 1, — 1 and 

7, G T(p»), 7l = ft + OiJ, (ft, 5) = 0, ft G r 4) a,el (6.20) 
(see (3.2) for this orthogonal decomposition of 7^) is true. Assume the converse, i.e., 
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~ Ei=i Pi = 0- Then ^ follows from (6.20) and 7' + t = + r + (/ + v{0))5 ( see 
Lemma 6.1) that 

s s 

7 +t-J2li=P + r+ (J + v{0))5 - ait. (6.21) 

i=\ i=i 

Since 7i e T(p a ), 5 G r(p Q ), G [0, 1] ( see Lemma 3.1), and (6.20) is the orthogonal 

decomposition of 7* we have | Oj6 |< p a , \ v(0 )S \< p a . On the other hand, by (6.10), 
I j S \> h. Therefore the orthogonal decomposition (6.21) and the relations 

h = 10 _p p3 a2 , h 2 ~ p a2 , a 2 = 3ai = 9a (6.22) 

imply that 

i=i 2 
Using this, (6.5), and (6.22) we obtain 

|£;(A^(«,r))-| 7 '+t-^7,| 2 |>P Ql 

which contradicts 7 — S*=i 7* € ^f. Thus (6.19) is proved. This implication for s = 
means that if 7' G M then 0+0. Therefore if (6.10) holds and 7' G M, then (6.8) holds 
too and hence (6.11) holds. To prove (6.11) under condition (6.10) in case 7 ^ M we repeat 
the proof of (6.11) in the Case 2, that is, use (6.18) , (6.12), and etc. ■ 

Theorem 6.1 If 7 + t = + t + (j + v(0))S E B$, then there exists a unique eigenvalue 
Ajv(Aj l( g(i;,T)) satisfying (3.52). This is a simple eigenvalue and the corresponding eigen- 
function VP jv,* (x) satisfies the asymptotic formula 

* N ,t(x) = * j>f ,(x) + 0(p-° 2 lap). (6.23) 

Proof. The proof is similar to the proof of Theorem 4.1. Arguing as in the proof of the 
Theorem 4.1 we see that to prove this theorem it is enough to show that for any normalized 
cigenfunction ^N,t(x) corresponding to any eigenvalueAAr(i) satisfying (3.52) the following 
equality holds 

Y \b(N,j',0)\ 2 =O(p- 2a *(]np) 2 ), (6.24) 

U',0')eK o 

where K = {(j',0) : j G Z,0 G T s ,(j',0) ? (j,0)}, b(N,j',0) = (* N ,*., j). Divide 
K into subsets: iff, K x n S(p - 1), K\ n 5 c (p - 1), where 

iff = K a \K u S c (n) = Jf \S(n), Jf! - {(/,/?') £ if :| Aj^t) - |< h 2 }, 

S(n) = {(j',0) G ifo :\ — |< np" ,| j'<5 |< 10"/i} and h is dehned in (6.22). If 
(j ,0 ) £ iff, then using (1.21), the definitions of iff and h, we have 

£ I b(N,j',0) \ 2 = sup I q(x) q s (x) \ 2 0(-^) = O(i)- (6-25) 

To consider the set K\ n <S(p — 1) we prove that 

ifx n S(n) =K,n {(j',0) : / eZ}c {(/,/?) :| / J |< 2h} (6.26) 
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for n = 1,2, — 1. Take any element (i',/3) from i^i n {(/,/?) : / £ Z}. Since 

A y >, r) -| f3 + r | 2 («) = | /? + r | 2 + | (/ + «)J | 2 +0(1), 

where v £ [0, 1] ( see Lemma 3.1(b) and (3.6)), using the definition of K\, (6.2), (6.5) and 
(6.22), we obtain 

|0(p 2Q1 )- | {j' +v)5\ 2 \<2h 2 ,\j'6\<2h. 

Hence the inclusion in (6.26) is proved and K\ n {(j , (3) : j £ Z} C K\ n 5(n) for 
n = 1, 2, ...,p— 1. If the inclusion 

Jfi n 5(n) C i^i n {(/,/?):/ 6Z} 

does not hold, then there is an element (j ,(3 ) of K\ n S(n) such that 

0<\(3- f3' \<np a <(p- l)p a , | /<J |< 10 n h < ^pi a2 

( see (6.22)). Hence the pairs (j ,(3) and (j, (3) satisfy the conditions of (3.34). Therefore 
using (3.34), (3.39) and (6.22) we get 

\k N -\f^\>\ P a2 >h 2 (6.27) 

which contradicts the inclusion (j ,(3) £ K\. Thus (6.26) is proved. Therefore 

E \b(N,j',(3')\ 2 < J2 lW,/3)| 2 (6-28) 

(j'j3')eK 1 ns( P -i) j'jtj, \j'S\<2h 

For estimation of b(N,j , (3) for | j 5 |< 2ft, we use (3.27) as follows. In (3.27) replacing (3 
and r by /3 and 2ft, we obtain 

(A^-A /i/3 )6(7V,/,/3) = 0(p-f a )+ 
+ £ A(/,/3,/+. n ,/3 + /3 1 )6(7V,/+. 7l ,/3 + /3 1 ). (6.29) 

C7'i,/3i)eQ(p°',18/0 

By definition of Q(p a , 18ft) we have | (3\ |< p", | ji<5 |< 18ft , and hence 

\{j +j 1 )5\<2Qh<\p^. 

Therefore in the right-hand side of (6.29) the multiplicand b(N, j + ji, (3 + (3\) for 

U'+juP + Pi) € D(p), where £>(/?) = {(j,0 + Pi) :| jS \< \p? a \Q <\ Pi \< p a }, takes 
part. Put 

\b(N,j o ,0 + l3o)\= max b(N,j,/3 + 0i) \ . 
By definition of D{(3) and by (6.22) we have 

I Aiv - Xj ,p+Po l> \p a2 - 
This with (1.21) gives | b(N, j ,/3 + (3 ) |= 0(p- a2 ). Using this, (6.29) and (3.23), we get 

b(N,j',(3) |< c 24 | An-Xj',0 I" 1 p-° 2 (6.30) 
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for j 7^ j, | j 5 \< 2h, where 

A N - A /i/3 = Xjjj - A /jj8 + 0( P -^) = N (v) - M/ (v) + 0(p- a *) 

(see (3.39) and Lemma 3.1(b) ) and v £ W(p) ( see the definition of B$). Now using the 
definition of W(p) (see Lemma 3.7) and (3.6), we obtain 

£ \A N -X j ^ /3 \- 2 =0(lnp). 
j' & 

This with (6.30) and (6.28) yield 

\b(N,j',P)\ 2 =0(p- 2 ^ (In pf). (6.31) 

(/,/3')e-R"in5( P -i) 

It remains to consider K\ (~\ S c (p — 1). Let us prove that 

b(N,j',(3') = 0(p- ca ) (6.32) 

for (j , (3 ) £ K\ n S c (j) - 1), where the number c is defined in Lemma 6.1. For this using 
the decomposition of tV m') (s) by { e *( m + l '(' 3 )) s : m g 2}, we get 

b{N,j'J) = ^^v^^'^n^NA^,^ 13 '^" 1 ^ 5 ^). (6.33) 

m 

If I (3 - \> (p- l)p a then Lemma 6.1 ( see (6.9)) and (3.25), (6.33) give the proof (6.32). 
So we need to consider the case | (3 — (3 \< (p — l)p a - Then by definition of S c (p — 1) wc 
have I 3 5 \> 10P~ 1 h. Write the right-hand side of (6.33) as 7\ + T 2 , where 

m:\mS\>h m:\m5\<h 

T(m) = (ip r Js),e^ m+v >)^ N 4x),e^' +T ^ m+v ^). 

By (3.25) and Lemma 6.1 ( sec (6.10)) we have T x = 0(p- ca ). If | mS \< h, then the 
inequality | j |> 2 | m | holds. Therefore using (3.10), taking into account that | j 6 |~ p" 2 
( see (6.22)) and the number of summand in T 2 is less than p a2 , we get T 2 = 0{p~ ca ). The 
estimations for T u T 2 give (6.32). Now using | K Y \= 0{p^ d - v > >ca ) ( see (1.37a)), we get 

J2 \b{N,j'J)\ 2 =0{p-V°-«-W a ). (6.34) 

(/,/3')e^ins<=( P -i) 

This, (6.25), (6.31) give the proof of (6.24), since (2c - (d - l)x)a > a 2 . ■ 

Now using Theorem 6.1, we obtain asymptotic formulas of arbitrary order. To formulate 
these formulas we need the following notations. 

Notation 6.1 Define the numbers m, hi, h 2 , by n\ = [\{p — x( ) — \d'i d — 3)], 

ht = 10 ni /i = 10 ni - J, p3«2 ( see (6.22)), h k = 10 k - 1 h 1 for k = 2, 3, ....and introduce the 
sets Q(p a ,9hk) = -\ jS \< 9hk,0 <\ (3 |< p a } (see Lemma 3.4 for this notations) 

Q(nip a ,hi) = {(j,(3) : \ jS |< hi, \ (3 < nip a } and a function 

5,,. , x \- Mj + ji,f3 + (3i,j, I3)<j> j+jl j +f3l (x) 
b 1 {A N ,X ji p)= a \ • 

A iV — *j+ji ,0+01 

(n,t3i)£Q{nip<*M)\(j,0) 
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One can easily see that S[(An, Xj t p) is obtained from S[(An, Xj.fi) ( see (3.48)) by replacing 
(3, J '+ ji.P + fti) and Q(p a ,9ri) with 3>j + j lt p + p 1 (x), and Q(nip a ,hi)\(j, f3) respectively. 
Similarly let S' k (A^, Xj t p) be a function obtained from S' k (AN, Xj t p) ( see (3.49)) by replac- 
ing A(j,(3,j + + fix), Q(p a ,9ri), and Q(p a ,9ri) for i = 2,3, ...,k with ^j+^^+p^x), 
Q(nip a ,hi)\(j,f3) 7 and Q(p a , 9/ij) for i — 2,3, ...,k respectively. At last difine A' n by 

2n 

A' n (A N , \j t p) = ^ S' k (A N , \j,p). 
fe=i 

Theorem 6.2 The eigenfunction ^>N,t{x), defined in Theorem 6.1, satisfies the following 
asymptotic formulas 

H> N , t (x)=E* k (x) + 0(p- ka *(lnp) 2k ) (6.35) 

for k = 1, 2, m, where 

E{{x) = * jtf) (x), E* k (x) = (1+ || E k \\)-\^p{x)+E k {x)), 

E k = A' k (Xj^p + E k _i, Xj^p) and E k _i is defined in Theorem 3.2. 

Proof. The proof of this theorem is similar to the proof of the Theorem 4.2. By Theorem 
6.1 the formula (6.35) for k — 1 is proved. To prove it for arbitrary k ( k < n\) we prove 
the following equivalent formulas 

£ \b(N,j',p')\ 2 =0(p- 2k ^(\npf), (6.36) 
(/,/3')e<?=(fc-i) 

*jv,t(a0= J2 b(N,j',0')^ tfil + 0(p~ ka Hnp), (6.37) 

(/,/3')eS(fe-i)u(j,/?) 

where S(k — 1) and S c (k — 1) is defined in the proof of Theorem 6.1 between (6.24) and 
(6.25). First consider the set S c (k — 1) n K\. It follows from the relations 

S(k - 1) n K x = S(p - 1) n Kx (see (6.26)) and S(k - 1) c S(p - 1) for < k < p ( see 
definition of S(k - 1)) that (S(p - l))\S(k - 1)) n K t = , and 

s c (k - 1) = s* c ( P - 1) u (S( P - i)\S(k - 1)), s c (k - 1) n = 5 C ( P - 1) n #1. 

Therefore using (6.34), the equalities c = p — dx — \a"i d — 3 ( see Lemma 6.1), a 2 = 9a, 
n\ = [g(p - ^i^f 1 ) - jd'S d - 3)] ( see Theorem 6.2), we have 

J2 \b(N,j',(3')\ 2 =0(p- 2n ^). 
W ,f)')eS'=(k-i)nK 1 

Thus it remains to prove 

\b(N l3 'J)\ 2 =0{p- 2ka *(\np) 2 ) (6.38) 

for k = 2, 3, m. By formula (3.22) and (6.35) we have 

*jv(a;)(g(x) - Q(s)) = H(x) + 0(p- a2 Inp), 
where ii"(x) is a linear combination of ^j ! p(x) and $ •/ ^/(a;) for (/,/?')€ 5(1), since 
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| jS |< n < ft (see (3.5)). Hence H(x) orthogonal to $y ^(x) for (/,/?') G S c (l). 
Therefore using (3.27) and the definition of K\ we have 



= 0(p-^{\npf). 



(O(p-^lnp),$ / /3 |2 
jv-/y ij8 < 



Hence (6.38) for fc = 2 is proved. Assume that this is true for k = m. Then (6.37) for k = m 
holds too. This and (3.22) for r = lO'^h give 

* N ,t(x)(q(x) - Q(s)) = G{x) + 0(p- ma * lnp), 

where G(x) is a linear combination of <J>j tJ 3(x) and &j> p' {x) for (j,0)& S(m). Thus G(a;) 
is orthogonal to $ •/ ^'(a;) for (j ,0) € S c (m). Using this and repeating the proof of (6.38) 
for k = 2 we obtain the proof of (6.38) for k = m + 1. Thus (6.36) and (6.37) are proved. 
One can easily see that the formula (6.37) can be written in the form 

* N ,t( x ) - KN,j,P)$jA x ) - G k (x) (6.39) 
Y b(N,j+ ji,0 + 0i)$ j+ht p+pAx). 

tiuPi)£Q(nip a ,hi)\(j,P) 

where || G k \\= 0(p~ ka ' 2 lnp). It is clear that the right-hand side of (6.39) can be obtained 
from the right-hand side of the equality 

{k N -\ h p)b{N,j,p)-0{p-v a ) = 
+ Y, A{j,0,j+j lt + 1 )b{N,j+j u + 1 ), (6-40) 

(ji,/3i)eQ(p a ,9n) 

which is (3.28), by replacing A(j,/3,j + ji,0 + 0i) with p+p 1 (x). Therefore in (6.39) 

doing the iteration which was done in order to obtain (3.49) from (3.28), we get 

9 N , t (x) - b(N,j,0)* Jtfl (x) - G k (x) = (6.41) 
A' k (A N ,X jt0 )b(N,j,0) + C 2k (A N ,\ j ,p) + 0( P ~n, 

where C' 2k is obtained from C 2k ( see (3.49)) by replacing replacing A(j, 0,j + + 0\), 
Q{p a ,9n), and Q(p a ,9r 4 ) for i = 2,3,...,2fc with $ j+juf)+f)l (x), Q(n lP a , fti)\(j, 0), and 
Q(p a ,9hi) for i = 2,3, ...,2k respectively and the term 0(p~ pa ) in the right-hand side of 
(6.41) is a function whose norm is 0(p~ pa ). It follows from the definitions of S' k and C' 2k 
the estimations similar to the estimations (3.50), (3.51) holds for these functions and 

II C' 2k \\=0((p- a nnp)% b{N, Jl 0) = l + O{p-^{\npf) 

( see (6.24)). Therefore repeating the part of the proof of Theorem 4.2 below (4.15), we get 
the proof of this theorem ■ 

Now we consider the simple set B$ in the resonance domain Vs(p ai ). As we noted in 
Remark 3.1 every vectors w of K d has decomposition 

w = + r + (j + v)6, (0 + t,6) = 0, (6.42) 
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where /3 G Tg, r G i^, j e Z, u e [0, 1). Hence the space M d is the union of the pairwise 
disjoint sets 

P(f3,j) ={p + T +(j + v)5:TGF s ,vG [0,1)} 
for /3 G T,5, j G Z. To prove that Bs has an asymptotically full measure on Vs(p ai ), that is, 

lim £M - = 1 (6.43) 

P^°op(^(p«i)) 

we define the following sets: 

i?i(p) = OeZ:|. 7 |<^^ + -}, 
S 1 (p) = {j£Z:\j\<^ J ^--}, 

R 2 ( P ) = {/? G T 5 : (3 G i? 5 (^p + d 4 + l)\i? 5 (ip - d« - 1))}, 

S 2 (p) = {/9er tf : ) 9e(i2j(|p-d s -i)\i2«(^ + d s + i))\( (J v 6 V))}, 

where R 5 (p) = {x & H s :\ x \< p}, T 5 (p a «) = {b G T s :| 6 |< p a «}, 
V b 6 (p-*) = {x€H s :\\x + b\ 2 -\x\ 2 \<pi}, 

and d,5 = swp x yeFs \ x — y | is the diameter of F$. 

Moreover we define a subset P (/3,j) of P(/3,j) as follows. Introduce the sets 

A(f3, b, p) = {ve [0, 1) : 3j G Z, | 2(/3, 6)+ | fo| 2 + I (j + «)5 | 2 |< 4d s p a -} ) 

A(/3, p) = |J 6, p), S 3 (/3, p) = W(p)\A(/3, p) 

6er 4 (/) a i) 

and put S 4 (/3,j,v,p) = {t e F s : f3 + t + (j + v)S G B 5 } for j e S u f3 e S 2 , v G S 3 (0,j,p). 
Then define P'(/3,j) by 

P'(PJ) = {(3 + T+(j + v)6:v£S 3 ([3,p),T£ S 4 ([3,j,v,p)}. 
It is not hard to see that (6.43) follows from the following relations: 

lim l§r\\ = 1, Vi = 1,2, (6.44) 

B s DU ieSl ,^ 2 P'(Ai), (6.45) 
^(p ai )CU jeiJl;/3ei j 2 P(/3,j), (6.46) 

lim = 1. (6.47) 

To prove these relations we use the following lemma. 

Lemma 6.2 Lei w = [3 + r + ( j + v)5. Then the following implications: 

(a) weV s (p^)^j eR u (3€R 2 , 

(b) j G S u p G S 2 => w G V s (p^) n (i?(|p - p" 1 " 1 )^^ + p" 1 - 1 )), 

(e) j€S 1 ,(3eS 2 ^w£ V' s {p^)C\ (i?(|p - p« 1 - 1 )\i?(ip + p" 1 - 1 )) ftoW. 
ITie relations (6.46), (6.45) and the equality (6.44) are true. 
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Proof. Since (/3 + t,5) = ( sec (6.42)) the inclusion uj G Vs(p ai ) means that 
|| (j + v + l)S | 2 - | (j + v)S \ 2 \< p a > and 

{\p?<\P + t\ 2 + \{j + v)8 \ 2 <{\pf 

( see (1.10)), where| v |< 1, | r |< d$ = 0(1) ( see (6.42)). Therefore by direct calculation 
we get the proof of the implications (a) and (b) . 
Now we prove (c). Since (b) holds and 

Vs(p ai ) = V;( P ^)\(U aer{ppa)VR V a (p^) 

( see Definition 1.1), it is enough to show that w ^ V a (p a2 ) for a G T(pp a )\SR. Using the 
orthogonal decomposition a\ + a 2 5 of a G T(pp a ) ( sec (3.2)), where a\ G Ts, 02 £ M , 
(ai,6) = and | a\ |< pp a , | a 2 S |< we obtain | w + a \ 2 — | w | 2 = c?i + d 2l where 

di =| (3 + 01 | 2 - I /? | 2 , d 2 =| (j + a 2 + «)* | 2 - I (.7 + w)<5 | 2 +2(oi,t). 

The requirements on j, ai,a 2 imply that c? 2 = 0(p 2ai ). On the other hand the condition 
/3 e S 2 gives /3 ^ ^(ps), i.e., | c?i |> p2. Since 2a fc < | for fc = 1,2 ( see the equality in 
(6.1)), we have 

|| W + a| 2 -\w\ 2 \>±pt,w$V a (p a >). 

Thus (c) is proved. 

The inclusion (6.46) follows from the implication (a). If 

w = (3 + t + (j + v)S belongs to the right-hand side of (6.45) then using the implication 
(c) we obtain w G V s (p ai ). Therefore (6.45) follows from the definitions of P ((3,j) and 
Si(/3,j,v,p). It remains to prove the equality (6.44). Using the definitions of R\ 7 Si and 
inequalities | 6 |< p a , a\ > 2a we obtain that (6.44) for i = 1 holds. 

Now we prove (6.44) for i = 2. If (3 G R 2 then 

(3 + F s C Rsi^p + 2d s + l)\R s (±p - 2d s - 1). This implies that, 

I R2 |< (M(^)rV(^P + 2d 5 + l)\R S (^p - 2d s - 1)), 

since the translations (3 + Fs of Fs for (3 G T$, are pairwise disjoint sets having measure 
p(Fs). Suppose (3 + t G D(p), where 

D(p) = (Rs(^p-l)\Rs( 1 -p+l))\( (J V b s (2pi)). 

Then §,o-l<| (3 + t |< |p+l, || (3 + r + b \ 2 -\0 + t \ 2 \> 2p2 for b G r^p"*). Therefore 
using I t I < cf<5 it is not hard to verify that [3 G 5' 2 . Hence the sets /3 + Fs for /3 G £2 is cover 
of D{p). Thus 

I S 2 |> (p{Fs)y 1 p(D{p). 
This, the estimation for | R 2 |, and the obvious relations | r,5(p Qd ) |= 0(p^ _1 ' Qd )), 

M(^(^-i)\^(^ + i))) = o(A 1 ), 
^{R S {\p i)\Rs(\ P + l)) n v b 5 (2 P i)) = 0(p d - 2 P ^), 

(d — l)ay < i (see the equality in (6.1)), 

lim p((Rs(Ip-1)\Rs(±P + 1))) = 1 
p^> p(R{lp + 2ds + l)\Rs{\p-2ds-l)) 

S 2 {p) C R 2 {fi) imply (6.44) for i = 2 ■ 
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Theorem 6.3 The simple set B$ has an asymptotically full measure in the resonance set 
V$(p ai ) in the sense that (6.43) holds. 

Proof. The proof of the Theorem follows from (6.44)-(6.47). By Lemma 6.2 we need 
to prove (6.47). Since the translations P((3,j) - (3 - jS and P'(/3,j) - (3 - jS of P{/3,j) 
and P'((3,j) are {r + vd : v E [0,1), r G F s } and {r + vS : v G S 3 ((3,p), r G Sa((3, j, v, p)} 
respectively, it is enough to prove 

lim n(S 3 {P,p)) = 1, v(S 4 (/3,j,v,p))=p J (F s )(l + 0(p- a )), (6.48) 

where j G Si, (3 G S 2 ,v G S 3 ((3,p), and 0(p~ a ) does not depend on u. To prove the first 
equality in (6.48) it is enough to show that 

p J (A(/3,p)) = 0(p- a ), (6.49) 

since W(p) D A{e(p)) and p(A(e(p)) — ► 1 as p — > oo (see Lemma 3.7). Using the definition 
of A(/3,p) and the obvious relation | T s (p ad ) |= O^" 1 ^) we see that (6.49) holds if 
p(A((3 : b, p)) = 0(p~ dad ). In other word we need to prove that 

p{s G R :| /(s) |< Ad 5 p ad } = 0(p- dad ) 7 (6.50) 

where f(s) = 2(/3, 6)+ | b \ 2 +s 2 5 | 2 , (3 G 5 2 , & G r 5 (p a<J ). The last inclusions yield 

2(/3,6)+|M 2 |>^ 

for | & j< /9 Qd . This and the inequalities | /(s) |< Adsp ad ( see (6.50)), a d < \ ( see 
the equality in (6.1)) imply that s 2 | <5 | 2 > from which we obtain | / (s) \>\ 5 \ pi. 
Therefore (6.50) follows from the equality in (6.1)). Thus (6.49) and hence the first equality 
in (6.48) is proved. 

Now we prove the second equality in (6.48). For this we consider the set Si(f3,j,v,p) 
for j G (3 E S2, v G Sz{(3,p). By the definitions of S4 and Bs the set S4((3,j,v,p) is 
the set of r G Fs such that E{\jjj(v,T)) satisfies the conditions (6.6), (6.7). So we need 
to consider these conditions. For this we use the decompositions 7 + t = f3 + t + (j + v)6, 
7 +t = (3 + t + (j + v{(3 , t))S, (see Remark 3.1) and the notations 

\j,p(v,T) =Hj(v)+ \P + t\ 2 ,\{ 1 ' +t) =| 7' +t I 2 +ri(7 +t) 

( see Lemma 3.1(b) and Remark 2.2). Denoting by b the vector (3 — (3 we write the decom- 
position of 7 + t in the form 7 +t = (3 + b + T+(j + v((3 + b, t))5. Then to every 7 G T 
there corresponds b — b(j ) G Ts- For 7 G Mi denote by S 1 (/3, 6(7 ),j,v) the set of all r 
not satisfying (6.6). For 7 G M 2 denote by B 2 ((3, 6(7 ),j,v) the set of all r not satisfying 
(6.7), where Mi and M 2 are defined in (6.6) and (6.7). Clearly, if 

r G F 5 \(U s=1 , 2 (U yeMs (i? s (/3,6(7'),j,t;)) 

then the inequalities (6.6), (6.7) hold, that is, r G Si{(3, j, u, p). Therefore using p,(F$) ~ 1 
and proving that 

MU 7 ' eM5 B s (/?,&( 7 '),J>)) = 0{p- a ), Vs = 1,2, (6.51) 

we get the proof of the second equality in (6.48). Now we prove (6.51). Using the above 
notations and (6.6), (6.7) it is not hard to verify that if r E B s (/3,b(j ), j, v), then 

I 2(/3, b)+ I b | 2 + I (/ + v{(3 + b))5 | 2 +2(6, r) - ^(v) + h s (j' + t) \< 2e u (6.52) 
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where h\ = F^-i — Ek 2 -i, h 2 = r t — £fc 2 _i, 7' G M s ,s = 1,2. First we prove that if 
b = 6(7 ) G r < 5( / 9 Qd ), then (6.52) docs not hold. The assumption v G S 3 ((3,p) implies that 
v i A(/3, p). This means that | 2(/3, b)+ \ b | 2 + | (/ + v((3 + b))S | 2 |> M 5 p ad . Therefore if 

I 2(b,T)-Hj{v) + h a (ri +t) \<3d 5P ad , (6.53) 

then (6.52) does not hold. Thus to prove that (6.52) does not hold it is enough to show 
that (6.53) holds. Now we prove (6.53). The relations b G Ts(p ad ), t G Fs imply that 
2(6, t) |< 2d 5 p ad . The inclusion j G Si and (3.6) imply that pj{v) = 0{p 2ai ). By (2.8) and 

(3.53) , h\ — 0(p ai ). Since ay = 3 d a = 3 d_1 ai, (6.53) for s = 1 is proved. Now we prove 
that ri = 0(p ai ) which implies that | h 2 |= 0(p ai ) and hence ends the proof of (6.53). The 
inclusion r G £? 2 (/3, 6(7 ),j,v), means that (6.7) does not holds , that is, 

I E(X jt0 (v,T)) -Aifr'+t) |< 2ei. 

On the other hand the inclusion 7 G M 2 implies that 7 G M ( see the definitions of M 2 , 
and M) and hence 

\E(\^(v,t))-\ 1 ' +t\ 2 \<\p^ 

The last two inequalities imply that 7^(7 + i) = 0(p ai ). Thus (6.53) is proved. Hence 
(6.52) for b G Ts(p ad ) does not hold. It means that the sets i? 1 (/3, b, j, v) and B (/3,b,j,v) 
for I b I < p ad are empty. 

To estimate the measure of the set B s ((3,b(j ),j,v) for 7 G M s , | 6(7 ) |> p ad , b G Tg 
we choose the coordinate axis so that the direction of b coincides with the direction of 
(1, 0, 0, 0), i.e., b — (61, 0, 0, 0), 61 > and the direction of 5 coincides with the direction 
of (0, 0, 0, 1). Then H$ and B s (f3, b,j, v) can be considered as R d_1 and as subset of ir- 
respectively, where Fs C Now let us estimate the measure of B s (f3,b,j,v) by using 
(5.22) for D = B s (f3, b,j, v), m = d - 1, k = 1. For this we prove that 

p((B s (p,b,j,v))(T 2 ,T 3 ,...,r d ^)) <4 £l |6|-\ (6.54) 

for all fixed (t2,ts, ...,rd_i). Assume the converse. Then there are two points 

r = (ti,t 2 ,t 3 , ...,T d _i) G F s , t = (t' 1 ,t 2 ,t 3 , ...,r d _i) G F s of B s (f3,b,j,v), such that 

In -7-; |>4ei I 6 I" 1 . (6.55) 

Since (6.52) holds for r and r we have 

I 26i(Ti-T{) + (/ a (T) |<4ei, (6.56) 

where g s (r) = h s (/3' + t + (j + v(/3 + b))S). Using (2.34), (2.36), (3.54), and the inequality 
\ b \ > p ad , we obtain 

5 i (t) - 5 i (t) \< p- ai I n - t[ \< 61 I n - t[ I, (6.57) 
92(r) - 92{t) \< ip^ ad I ti - r{ |< 61 I n - r{ | . (6.58) 

These inequalities and (6.56) imply that 61 | t\ — t 1 |< 4ei which contradicts (6.55). Hence 

(6.54) is proved. Since B s (/3,b,j,v) C F s , d s = 0(1), we have p(Pn B s {f3, b, j,v)) = 0(1). 
Therefore formula (5.22), the inequalities (6.54) and | b \> p" d yield 

/J ((B S (/3,6(7'),J,«) = 0(ei I 6(7') r 1 ) = 0(p- Q *ei) 

for 7' G M s C M and s = 1, 2. This implies (6.51), since | M \= O^" 1 ), e x = p- d - 2a and 
0(p d - 1 - ad ei) = 0(p- a ) ■ 
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